
Many existing analytical and computational tools for the 
analysis of complex networks emerged from classical 
methods in statistical physics1. Over the past two dec-
ades, these tools have proved essential for constructing 
models capable of reproducing the structural properties 
of many real- world networks2–4. They have also been 
used to quantify the importance of network structural 
properties for collective and critical phenomena5–8. 
Other fundamental insights have come from a variety 
of complementary approaches9–13. One such approach is 
geometry, the focus of this Review Article.

The first evidence that complex networks possess 
some non- trivial geometric properties appeared with 
the discovery of their self- similarity under suitable 
scale transformations14. Initially, fractal geometry was a 
major reservoir of methods and ideas. Besides boosting  
the study of transport phenomena in complex media15,16, the  
fractal geometric paradigm led to the definition of a 
reversible graph- theoretical renormalization procedure 
that helped researchers classify networks into univer-
sality classes17,18 and to better understand the growth 
mechanisms underlying their temporal evolution19.

Following the lines of this initial success, it was later 
found20 that network self- similarity can be explained at 
a more fundamental level in terms of latent hyperbolic 
geometry21. Latent spaces have been employed for nearly 
a century to model homophily in social networks22–24. In 
these models, nodes are positioned in a similarity space. 
Connections between them are random, but they are the 
more likely the closer the two nodes in the space, that  
is, more similar nodes are more likely to be connected. This  
approach, with the latent space taken to be hyperbolic, is 
the basis for a unified framework that explains the most 
common structural properties of many real networks20,21, 

their navigability25–28, and their community29–33 and 
multiscale34 structures. Because the group of symme-
tries of hyperbolic spaces is isomorphic to the Lorentz 
group, the latent hyperbolicity of networks was advo-
cated to explain not only their structural self- similarity 
but also the dynamical laws of their growth35–37. The 
isomorphism also establishes certain duality relations38 
reminiscent of the anti- de Sitter/conformal field theory 
correspondence in theoretical physics.

In light of these advances, it is not surprising that 
the geometric approach led to many practical appli-
cations and theoretical insights. For example, in  
the context of information or epidemic spreading, the 
adoption of transport- based metrics and of the corre-
sponding diffusion geometries39 is helping explain the 
spatiotemporal evolution of network- driven dynamical 
processes40,41, opening new research directions42,43 in 
many neighbouring areas of science.

The rapid evolution of research areas related to net-
work geometry has led to cross- fertilization among 
many areas of science. This rapid interdisciplinary 
progress suggests that now is an apt time to ground a 
milestone in network geometry research, from where 
to ponder future challenges. We review three major 
research directions in network geometry: the self- similar 
fractal geometry of network structure, the hyperbolic 
geometry of networks’ latent spaces and the geometry 
induced by dynamical processes, such as diffusion, in 
networks. Distances are all different in the three geom-
etries, yet intimately related. In fractal geometry, dis-
tances are the shortest- path distances, that is, the hop 
lengths of shortest paths in a network. In latent geome-
tries, distances are the distances between network nodes 
in a latent space. In geometry induced by dynamical 
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processes, distances are the kinematic distances, such 
as those emerging from spreading dynamics in a net-
work such as reaction–diffusion or random- search pro-
cesses. We discuss open questions and future challenges, 
relating to both theory and applications of these three 
flavours of network geometry.

Understood broadly, network geometry encompasses 
diverse research directions, many of which are as impor-
tant as the ones covered here, thus deserving separate 
reviews. Therefore, in a short Review Article like this 
one, most of these directions must unfortunately be 
omitted. The most notable omissions include spatial net-
works, quantum gravity, graph curvature, geometrogen-
esis, graph embedding, topological data analysis, 
topological graph theory and Gromov’s δ- hyperbolicity. 
However, in the outlook we briefly comment on some 
of these topics that we find particularly important, 
promising or intriguing.

Fractal geometry of network structure
Many natural objects are best described geometrically as 
fractals44, with self- similar patters on all their available 
length scales and well- defined fractal dimensions. From 
surfaces and snowflakes to turbulent flows45 or critical 
phenomena near phase transitions46,47, this scale- free 
property is among the basic hallmarks of complexity, 
reflecting certain laws and organizing principles48,49 
underlying nature’s evolution.

The discovery of the scale- free nature of many real 
networks has added a new paradigm to this understand-
ing, providing scientists with a versatile proxy to tame 
complexity on combinatorial grounds50. In this context, 
scale- freeness refers to the absence of a characteristic 
number of links k per node (rather than a length scale), 
as described by a fat- tailed degree distribution of the 
form P(k) ∼ k−γ as k ≫ 1, with the scale- free exponent 
γ ∈ (2, 3). This scale- free property hinted at the exist-
ence of some degree of structural invariance under a 
suitable rescaling. However, the equally ubiquitous 
small- world2 property — that is, an average distance 
between nodes growing logarithmically or slower51–53 
with the system size N — contextually hindered this 
possibility, implying a diverging Haussdorf dimension. 
This led to the common belief that networks cannot be 
self- similar. Fortunately, this apparent contradiction 

proved to be a problem that prompted prolific research, 
and its analysis through tools of fractal geometry54 has 
disclosed fundamental insights into the hidden sym-
metries, renormalization and universality classes of 
complex networks.

Shortest- path- distance scaling and dimensions. The 
number ℓ of edges along any shortest path connecting  
two nodes is a well- defined metric55. It is known as the 
shortest- path distance (or, sometimes, chemical dis-
tance)56,57, and it can be adopted to observe networks 
at different length scales. The process of zooming out 
on networks can be performed analogously to that on 
ordinary fractals by repeatedly coarse- graining the 
structure through optimal coverings of nodes made 
by non- overlapping boxes of diameter ℓB (Box 1)14. 
Under this renormalization group (RG) transfor-
mation58,59, a surprising variety of real- world and syn-
thetic networks remain statistically self- similar, in the  
sense that their degree distribution14 and other mix-
ing patterns60 are invariant (Fig. 1a) over the available  
length scales.

A primary consequence of the discovery of networks’ 
self- similarity was their characterization through a set of 
fractal dimensions61 intimately related to their multiscale 
organization and functioning. In what follows, we review 
an essential selection of these network dimensions and 
their significance.

We start from two crucial quantities: the number of 
boxes (supernodes) N′ optimally covering a network 
and the degree sequence ′ ′k{ }i i N=1,…,  of the boxes, where 
each k′ corresponds to the degree of the hub contained 
in the ‘parent’ box. Performing a shortest- path- distance 
RG transformation step, RB, these quantities have 
power- law scaling (Fig. 1a)

→ ∼ ℓ → ∼ ℓ .′ ′
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−

B
−B B B k

The exponents (dB, dk) are the box and degree dimen-
sions, respectively (Fig. 1b, top and middle panels); 
they characterize the (RG invariant) scale- free degree 
distribution through the scaling identity γ = 1 + dB/dk 
(reF.14). Besides unveiling a fundamental connection 
between scale- free and RG- invariant properties, this 
fractal analy sis yields a birds- eye view over the spec-
trum of different organization mechanisms that under-
lie self- similar networks. It does so by identifying two 
limiting cases62,63: fractal structures when dB and dk 
are both finite and non- zero (in biological systems,  
the world wide web (WWW) or social networks, for 
example), and small worlds when dB, dk → ∞ (in the 
Internet at the router level or synthetic networks, for 
example), implying an exponential decay in the N and 
k distributions (Fig. 1b, top panel) instead of the scaling 
of equation 1.

A more comprehensive picture is reached by analy-
sing structural fractality in terms of the profiles of 
degree–degree correlations14,64. Fractal networks feature 
a strong ‘hub–hub repulsion’, which leads to disassor-
tative structures, with hubs spread uniformly instead 
of being crumpled in a core as they are in pure small 
worlds. In light of their RG invariance60, these correlation 

Key points

•	The	fractal	geometry	of	networks	enables	casting	the	self-	similar	symmetries	
underlying	the	organization	of	complex	systems	under	the	three	pillars	of	scaling,	
universality	and	renormalization.

•	Latent	metric	spaces	with	hyperbolic	geometry	provide	a	natural	explanation		
for	the	architecture	of	real	complex	networks,	including	small-	worldness,	degree	
heterogeneity,	clustering,	community	structure,	symmetries	and	navigability.

•	Multiscale	unfolding	of	complex	networks	is	possible	by	means	of	a	geometric	
renormalization	technique	that	uncovers	self-	similarity	at	different	scales.

•	Network	dynamical	processes	induce	kinematic	distances	that	characterize	an	
effective	geometry	of	a	system’s	function,	which	cannot	be	obtained	by	purely	
topological	latent	geometry.

•	Network	geometry	enhances	our	understanding	of	complex	systems	across	their	
multiple	scales	of	organization	and	of	collective	phenomena	emerging	from		
their	information	exchange.
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patterns can be captured by a hub–hub dimension de,  
defined by the scaling factor E( ) d

B B
− eℓ ∼ ℓ , which is 

proportional to the probability that two RG boxes are 
connected through their hubs (Fig. 1b, bottom panel). 
Scaling arguments analogous to those adopted for the 
triple (dB, dk, γ) make it possible to relate the correlation 
exponent ε > 1 — defined by the RG invariant60 degree–
degree distribution P(k, q) ∼ k−γ+1q−ε — to the hub–hub 
dimension through the identity ε = 2 + de/dk (reF.60). These 
results allow the classification of many networks accord-
ing to RG- invariant properties related to their large- scale 
organization (Fig. 1c).

A final essential feature of the fractal geometry of net-
works is the existence of a larger group of self- similar 

symmetries that leave invariant the network mesoscale 
organization. In fact, the RG transform identifies a hier-
archy of modular configurations into which networks 
can be optimally partitioned at increasing length scales. 
The scale invariance of such a tiling can be quantified 
via the power- law scaling ℓ ∼ ℓQ( ) d

B B
M (reFs15,65), where 

dM is the modular dimension and ℓ( )BQ  is a modu-
larity factor66,67 maximized by the box covering. The 
value dM = 1 (characterizing regular lattices) is the bor-
der line between modular structures (dM > 1, typical of 
biological networks, for instance) and non- modular 
ones (dM < 1); networks with lower values of dM are 
more small- world- like. We will see in what follows 
that dM, unlike the other ‘structural’ dimensions, is 

Box 1 | Zooming out on complex networks

shortest- path- distance renormalization
In	the	box-	covering	technique	(see	the	figure,	part	a),		
the	original	network	(first	column)	is	tiled	with	the	
minimum	number	of	boxes	of	diameter	ℓB	—	using		
the	maximum	excluded	mass	burning	algorithm272,		
for	instance	—	which	are	contracted	into	supernodes	
(second	column)	and	then	connected	though	at	least		
one	link	existed	between	the	‘parent’	tiles.	This	coarse	
graining	is	repeatedly	applied	—	albeit	for	a	limited	
number	of	steps	due	to	small-	worldness	—	until	the	
network	is	reduced	to	a	single	‘ancestral’	node.	As	an	
example,	the	shortest-	path-	distance	renormalization	
group	can	be	applied	to	the	entire	world	wide	web,	here	
with	with	ℓB	=	2	(see	the	figure,	part	b).	The	network’s	
structure	remains	statistically	invariant	under	the	
renormalization	(Fig. 1).

Degree- thresholding renormalization
Subgraphs	are	obtained	by	removing	all	nodes	with	
degrees	below	a	given	threshold	kt	(see	the	figure,	part	c).		
Doing	so	defines	a	hierarchy	of	nested	subgraphs	that		
in	real	complex	networks	are	found	to	be	self-	similar.	
Applying	this	procedure	to	the	Internet	border	gateway	
protocol	(BGP)	graphs	(see	the	figure,	part	d,	left	
column)	and	its	randomized	version	that	preserves		
the	degree	sequence	(see	the	figure,	part	d,	right	
column)	shows	that	the	clustering	spectrum	(average	
clustering	coefficient	c	versus	rescaled	internal	degree	
ki/〈ki(kt)〉)	exhibits	data	collapse	for	the	original	network	
but	not	for	the	randomized	network.	The	nice	collapse		
of	the	clustering	spectrum	for	real	complex	networks	
finds	a	natural	explanation	in	their	underlying	
geometry20.

Geometric renormalization
Like	shortest-	path	renormalization,	the	geometric	
renormalization	transformation	zooms	out	by	changing	
the	minimum	length	scale	from	that	of	the	original	
network	to	a	larger	value,	this	time	in	the	similarity	
space34	(see	the	figure,	part	e).	For	each	layer	l	of	the	
renormalization	transformation,	first,	non-	overlapping	
blocks	of	consecutive	nodes	are	defined	along	the	
similarity	circle.	Second,	the	blocks	are	coarse-	grained	
into	supernodes.	Each	supernode	is	then	placed	within	
the	angular	region	defined	by	the	corresponding	block		
so	that	the	order	of	nodes	is	preserved.	Finally,	two	supernodes	are	
connected	if	any	of	their	constituents	were	in	the	precursor	layer.	
This procedure	has	been	performed	on	the	hyperbolic	embedding	of		
the	human	metabolic	network	and	its	renormalized	layer	l	=	2	(reF.34;	
see the	figure,	part	f).	The	colours	of	the	nodes	correspond	to	the	community	

structure	detected	by	the	Louvain	algorithm273.	The	renormalized	network	
preserves	the	original	community	structure	despite	being	four	times	
smaller.

Parts	a,b	reprinted	from	reF.14,	Springer	Nature	Limited.	Parts	c,d	adapted	with	
permission	from	reF.20,	American	Physical	Society.	Parts	e,f	adapted	from	reF.34,	
Springer	Nature	Limited.
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directly connected to other dynamical exponents that 
characterize transport in complex media.

RG flow. Repeatedly applying the shortest- path- distance 
RG transformation, BR , identifies a flow in the space 
of graph configurations. Much like the case of critical 
phenomena58,59,68, such a flow enables a classification 
of network topologies into universality classes. Indeed, 
scale invariance and self- similarity are natural symme-
tries featured by the fixed points of the RG flow, whose 

stability against small perturbations enshrines universal 
features.

A generalization of finite- size scaling methods17 has 
been used to analyse the RG flow beyond the limiting 
constraint of a few RG steps, a constraint that arises 
because of the networks’ small- worldness. For a large 
set of real- world and artificial networks69, a coher-
ent picture about their stability under the RG flow 
emerged after looking at the critical exponents govern-
ing their fluctuations (γ′) and correlation length (ν)70. 
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All small- world networks, such as Erdős–Rényi graphs,  
Watts–Strogatz networks or the preferential attachment 
model, are characterized by v = γ′ = 2. Conversely, frac-
tal structures, such as the Song–Havlin–Makse (SHM) 
model, Apollonian networks or percolating clusters, 
feature different values of ν and γ′. The SHM model15,19 
is generated by a multiplicative process of network 
growth, the dynamics of which follow the inverse of the 
shortest- path- distance RG transform. For this model, 
in particular, v = γ′ = 1 for every scale- free exponent, 
whereas v = γ′ = 2 after any arbitrarily small random 
rewiring69, suggesting that fractal topologies are indeed 
unstable fixed points of the shortest- path- distance 
RG flow. For increasing fractions of randomly drawn 
shortcuts, in fact, fractal networks rapidly cross over to 
more and more compact architectures (Fig. 1d) that have 
weaker and weaker modularity. This crossover leads to 
networks with fractal scaling ℓ̄ ∼ N d

0
1/ B that is observed 

only up to a certain cut- off length scale before a global 
small- world behaviour N d

0
1/ Bℓ̄ ∼  is found (Fig. 1e).

These promising results prepared the ground for the 
firm RG theory presented in reF.18, which elucidates  
the universal features underlying the fractal to small- 
 world transition in complex networks. Adding short-
cuts to a fractal network G0 with a probability p(ℓ) = A
ℓ−α, where A is a normalization constant, causes the RG  
trajectories to either converge towards G0 or to transform 
the network into a complete graph — a trivially stable 
fixed point of the RG flow — depending on the value of 

the exponent α > 0. These outcomes can be quantified by 
focusing on the renormalized distribution of shortcuts 
after one RG step, which, in the formal limit of ℓB → ∞, 
leads to the fixed point equation

ℓ ≡ ℓ∗

→
p C x( ) 1 − lim exp[− ( ) ], (2)

x

d α

∞

2 / −1B

where AC( ) d α d2 / −2B Bℓ ≡ ℓ  and x ( )B
α−1A≡ ℓ ℓ . Equation 2  

has three distinct solutions (Fig. 1f), depending on the 
value of the parameter s ≡ α/dB:
•	 if s > 2, then p∗(ℓ) = 0 and the RG flow converges again 

towards the fractal network G0;
•	 if s < 2, then p∗(ℓ) = 1 and the RG flow converges 

towards the complete graph fixed point;
•	 if s = 2, then the RG flow has one non- trivial stable 

fixed point G′, consisting of G0 dressed with shortcuts 
following ℓ ℓ∗ Ap ( ) = 1 − exp(− )d−2 B .

Analysing the flow of the difference between the 
average degree z0 in G0 and the average degree zB in 
the renormalized network G G= ( )B B ′R  yields further 
insights into these three network phases. Such analysis 
shows that ′z z z z x− = ( − ) ( )B 0 0 BD  where, in the thermo-
dynamic limit, the function D x( )B  scales with the rela-
tive network size as ∼x x( ) λ

B BD  and the RG exponent  
λ depends on the shortcut exponent α as

.





λ s
s s

= 1, if ≤ 1,
2 − , if > 1

(3)

Equation 3 identifies two transitions in the space of 
network configurations (Fig. 1g). One is a small- world- to-  
fractal transition at s = 2, equivalently at α = 2dB, separat-
ing the stable (λ < 0, s > 2) phase of compact topologies 
from the unstable phase (λ > 0, s < 2) of modular struc-
tures. The other transition is a navigability transition 
at s = 1, equivalently at α = dB, which is the network 
analogue of Kleinberg’s optimal point71.

Besides raising theoretical questions regarding the 
characterization of these configurational transitions, 
the RG theory sketched above provides an indirect 
method for extracting information about the distri-
bution of shortcuts in fractal real- world networks —  
a crucial ingredient for understanding information 
flow and optimal search72 — and for determining their 
approximate location in the space of network config-
urations. Such analysis has been applied to the WWW, 
the metabolic network of Escherichia coli, a yeast protein– 
protein interaction network, the actors network of the 
Internet Movie Database and the protein homo logy  
network (Fig. 1g). The results show, in particular, that the 
WWW (Fig. 1b) is fractal up to a given length scale, but it 
is also sufficiently randomized to host an optimal flow, 
as manifested by its proximity in the (λ, s) plane to the 
navigability threshold.

Network functionality and evolution. Although the 
shortest- path- distance RG placed the mixing patterns 
of networks (such as the degree distribution) on more 
fundamental grounds, it also raised several puzzles of 
interpretation73. Questions arose about the functional 
significance encoded in the modules detected by the RG. 

Fig. 1 | structural self-similarity, renormalization-group flow and universality.  
a | Renormalization group (RG) invariance of the world wide web (WWW) degree 
distribution P(k) ∼ k−γ (γ is the scale- free exponent) and of its degree sequence (k kd

B
kℓ −′∼ , 

see equation 1) for different box diameters ℓB (inset). b | RG scaling factors of box sizes 
NB(ℓB)/N (NB is the number of boxes and N the number of nodes) (top), their degree 
sequence ( ) /s k kB ≡ ′ℓ  (middle) and the hub–hub correlations E( )ℓB  (bottom). Fractal 
networks (such as the WWW, open circles) feature well- defined dimensions dB, dk and de; 
non- fractal ones (such as the Internet, filled circles) show an exponential (or faster) decay, 
that is, dB, dk → ∞ and de → 0. c | Classification of self- similar networks in the (γ, ε) plane  
(ε is the correlation exponent). At the line ε = γ − 1, the network structure is random. Below 
the line (region I), hub correlations are stronger than in random networks; above the line, 
hub correlations are weaker than random. The scaling identity ε = 2 + de/dk = 2 + (γ − 1)de/dB, 
for which dB → ∞ yields ε = 2, distinguishes non- fractal (region II) from fractal networks 
(region III). Within region III, the subregion defined by ε ≥ γ identifies the realm of 
hierarchical scale- free graphs. A description of the databases and acronyms used can be 
found at http://jamlab.org. d | Fractal to small- world transition, obtained by randomly 
rewiring a fraction prew of links. Whereas modularity is rapidly lost, small- worldness is 
rapidly gained, emphasizing the trade- off between these network phases. e | Crossover 
from the power- law scaling to an exponential decay in fractal networks upon the random 
addition of shortcuts according to the probability P(ℓ) ∼ℓ−α. All Nb nodes within a box are 
within a shortest- path distance ≤b. f ∣ RG flow diagram in the space of configurations.  
In the stable phase (s ≡ α/dB > 2), the RG flows towards the fractal fixed point, whereas in 
the unstable phase (s < 2) it flows towards a complete graph. For s ≈ 2, the scaling has an 
exponential cut- off at a characteristic scale (part e): globally the network is small world 
and at small scales it is fractal. g | Stability analysis of the RG flow (in terms of stability 
exponent λ) leads to equations 2 and 3. A navigability transition exists at s = 1 and  
a fractal to small- world transition at s = 2. Real- world networks can be classified 
accordingly. See reF.18 for additional information regarding the databases used and  
their corresponding acronyms. Part a reprinted from reF.14, Springer Nature Limited.  
Part b (top) adapted with permission from reF.85, Elsevier; (middle) adapted from reF.75,  
Springer Nature Limited; (bottom) adapted from19, Springer Nature Limited. Part c 
adapted with permission from reF.60, American Physical Society. Part d adapted with 
permission from reF.83, PNAS. Parts e–g reprinted with permission from 
reF.18, American Physical Society.
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Furthermore, it soon proved impossible to understand 
their emergence in terms of popular mechanisms of 
network growth74, such as the ‘rich get richer’ principle 
of preferential attachment, or the ‘democratic’ wiring of 
Erdős–Rényi networks, which are generally dominated 
by small- worldness.

The first issue was soon clarified by analysing biologi-
cal networks15,19,65, for which the RG transform has led to  
identification of hierarchies of modules closely related  
to their known biochemical annotations, with a resolu-
tion as accurate as that of other clustering algorithms4,66,67.  
An important example of what RG analysis has enabled 
is an integrated multiscale view of the network of human 
cell differentiation65, raising the possibility of identify-
ing hitherto unknown functional relations between 
previously unrelated cellular domains.

The problem of growth, instead, has been elegantly 
solved by building on the observation that modular 
networks are also fractal (though the converse is not 
necessarily true). The SHM model (Fig. 2a,b) is built on 
this property15,19. In this model, hubs acquire new con-
nections by linking preferentially with less connected 

nodes, subject to the noisy appearance (as exempli-
fied in the Watts–Strogatz model) of randomly placed 
shortcuts. The net result is that hubs are buried deep in 
modules whose low- degree nodes are the inter- module 
connectors, resulting in scale- free networks that are frac-
tal and modular up to a cut- off scale above which they 
become global small worlds (Fig. 1e). The SHM model 
represents a theoretical benchmark for understanding 
the self- similar patterns observed in real- world systems 
in terms of the microscopic growth rates controlling 
their dynamics75, and it has raised important evolution-
ary implications. Besides highlighting the evolutionary 
drive of many biological networks19 towards fractal 
modular structures — which maximize their robust-
ness against random failures76 — the SHM model has 
been used to reveal the inherently fractal geometric 
nature of the duplication- divergence mechanisms in 
genetics, suggesting that fractality and multiplicative 
growth are essential features of the evolution of bio-
logical networks. A notable result in this respect is the 
successful reconstruction of the present- day structures 
of several protein–protein interaction networks (Fig. 2c), 
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Fig. 2 | Network evolution and transport theory. a | Dendrograms 
demonstrating the network evolution (top tree) as inverse of the 
shortest- path- distance renormalization group (RG) procedure (bottom tree) 
(Box 1). The arrow of time increases from right to left. b | Seeds of the Song–
Havlin–Makse (SHM) model for network growth. At each time step, a node 
produces m offspring for every link. The original link is then removed with 
probability e, and x new links between randomly selected nodes of the new 
generation are added. Illustration: m = 3 and e = 1. e tunes between pure 
fractals (e = 1) and pure small worlds (e = 0) and x controls the degree of 
modularity, so that x = 1 yields tree- like structures and shortcuts among 
modules appear for x > 1. c | Phylogenetic tree showing the evolutionary 
path of the Saccharomyces cerevisiae protein–protein interaction network 
(PPIN), reconstructed from the last universal common ancestor (LUCA) to 
its present- day structure by combining the SHM growth model with the RG 

process. Colours represent functional categories. d | Data collapse of the 
resistance R (top) and the diffusion time T (bottom) according to equation 4 
for the yeast PPIN (open symbols) and the SHM model with e = 1 (filled 
symbols). Markers indicate ratios of scaling parameters k1/k2, and colours 
denote values of k1. dw, walk dimension; dk, degree dimension; ζ, conductivity 
dimension. e | Comparison between the finite- size scaling law equation 5 
and simulated diffusion times normalized by the network size N (markers) 
in the PPIN and SHM model with m = 3 and e = 1. f | Modularity versus 
transport in real- world and SHM model networks in the (dw, dM) plane (dM is 
the modular dimension). Part a, adapted with permission from reF.85, 
Elsevier. Part c is adapted from reF.77, CC BY 4.0. (https://creativecommons.
org/licences/by/4.0/). Part d,f adapted with permission from reF.15, PNAS. 
Copyright (2007) National Academy of Sciences, U.S.A. Part e adapted from 
reF.16, Springer Nature Limited.
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starting from their primitive ancestors identified via the 
shortest- path- distance RG technique77.

Transport in self- similar media. Discovering the frac-
tal geometry of networks has also had implications for 
the study of transport in complex media, a notoriously 
hard theoretical problem78. In fact, the existence of an 
underlying self- similar symmetry makes it possible to 
circumvent the search for exact solutions and to attack 
the problem by means of scaling arguments. A first 
result in this direction15 involved the scale- invariant 
forms featured by the mean diffusion time, ∼ ℓT dw, and 
the average resistance, R ∼ ℓζ, experienced by a blind 
ant travelling a shortest- path distance ℓ, where dw is the 
walk dimension and ζ is the conductivity dimension79 
of the underlying medium. Combining these relations 
with equation 1, the observables T and R re- scale as 

∼′ ′T T N N/ ( / )d d/w B and R R N N/ ( / )ζ d/ B∼′ ′  under RG 
transformations. A direct evaluation of dw and ζ in  
biological and synthetic (SHM) networks with finite dB 
reveals15 that dB, dw and ζ obey the Einstein identity80 
ζ = dw − dB, elegantly relating static and dynamic pro-
perties of transport in complex media. Thanks to this 
insight, it proved possible to predict the dependence 
of T and R on microscopic network features — such as  
nodes’ degrees and the shortest- path distance between 
them — leading to the scaling relations

T k k k f k

R k k k f k

( ; , ) = ( / ),

( ; , ) = ( / ),
(4)

d d
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d

ζ d
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d

1 2 2
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2
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2
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w k k

k k

ℓ ℓ

ℓ ℓ

where fT,R are scaling functions. These scaling relations 
agree well with the collapse of real- world networks data 
(Fig. 2d). Furthermore — and more completely than the 
above scenario — the assumption of self- similarity has 
been used to develop a general theory of transport in 
complex media16. This theory culminates in the exact 
finite- size expression






T N a ζ b ζ

N a b ζ
( ) ( + sgn( ) ), 0,

( + ln ), = 0,
(5)

ζ
ℓ ∼ ℓ ≷

ℓ

where a and b are positive constants. Equation 5 
describes a universal scaling law for transport in 
complex media81 with finite dB (Fig. 2e).

Besides their importance for theory, these results 
have offered new methods of fractal geometry to relate 
the kinetics of transport- limited processes in real- world 
systems to their interaction topologies. In particular, 
equation 4 enables bridging of the degree of modularity 
of networks to their efficiency of transport15. This rela-
tionship is epitomized by the identity dw = 1 + dM (Fig. 2f): 
high levels of modularity (dM > 1) generally result in 
subdiffusive dynamics (dw > 2). This simple result has 
had significant implications in applications such as the 
characterization of the flux responses of metabolites15 or 
the community detection in global small- world social 
networks82, and it has provided intriguing ideas for 
addressing the long- standing conundrum of the highly 
modular yet globally optimal organization of functional 
brain networks83,84.

Open questions. One pragmatic question raised by the  
fractal geometry of network structures involves  
the very same notion of self- similarity and fractality 
in complex networks. Although traditional fractal the-
ory does not distinguish between fractality and self- 
similarity, these two properties are distinct under the 
lens of the shortest- path- distance RG85. Whereas both 
fractal and pure small- world structures are statistically 
self- similar under the shortest- path- distance RG (see, 
for example, Fig. S6 in reF.19 and discussions therein), 
only the fractal structures feature a well- defined set of 
(finite) fractal exponents. The divergence of dB in small- 
world networks (Fig. 1b) can be interpreted (using field 
theory jargon) as an ‘ultraviolet’ limit above which the 
fractal geometric approach based on the shortest- path 
RG fails to quantify the self- similar symmetry. In this 
perspective, identifying suitable embeddings or duality 
transformations86 that can regularize this ‘small- world 
divergence’ is an open theoretical challenge that could 
raise the opportunity of designing a unified geometric 
framework for the study of fundamental problems such 
as transport78, evolution37, navigability25 or RG- based 
classification of the universality classes of networks18.  
In this respect, latent- geometric approaches or the adop-
tion of generalized topological metrics and embeddings87 
could offer hints for solutions. Hyperbolic geometry, 
in particular, shares profound connections with self- 
similar metric spaces88–90, suggesting the possibility that 
the fractal exponents featured by self- similar networks 
may have suitable counterparts in their corresponding 
latent spaces and could further be extended to pure 
small- world structures.

On a more fundamental level, understanding how 
the dynamical properties of network growth processes 
influence their asymptotic self- similar patterns is an 
intriguing and as yet unexplored territory in the study 
of network geometry. The process of zooming out 
induced by the network RG transform finds its (statis-
tically equivalent) inverse in dynamics19,37, so that the 
varying structures observed at increasing length scales 
correspond to the evolution of certain dynamical varia-
bles (Fig. 2a). A profound link between self- similarity and 
ergodicity has been explored in mathematics91, showing 
that the notions of fractal dimensions and self- similarity 
can be interpreted in terms of ergodic averages of some 
appropriate measure- preserving dynamical systems92. 
In the simple case of growing trees, it has further 
been proved91 that this connection is a consequence 
of the explicit dependence of the fractal dimension on  
the growth rates ruling the system’s evolution. An anal-
ogous result holds for the self- similar structure of the 
SHM model in the thermodynamic limit19: its char-
acteristic fractal exponents dB, dk, dM, … depend only 
on the process’ growth rates (Fig. 2b). A relevant and 
challenging question, in this respect, is to understand 
weather the SHM model and/or other more popular 
growth processes19,37,93 can be themselves interpreted as 
ergodic dynamical systems with respect to some suitable 
invariant measure. Besides its theoretical relevance, find-
ing viable directions to tackle this overarching problem 
could help establish fundamental connections among 
the static and dynamic facets of network geometry.
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Hyperbolic geometry of latent spaces
Deep connections between self- similarity and 
hyperbolic geometry have been well explored by 
mathematicians88,90,94. One connection goes via the 
observation that any Gromov- hyperbolic space has a 

boundary at infinity that is always a self- similar metric 
space94. Another connection is that self- similar groups 
can always be represented as the groups of automor-
phisms of trees, which are the simplest example of 
discrete hyperbolic spaces90. The connections between 
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hyperbolicity and self- similar sets, fractals and sim-
ilar objects also go through the idea that rescaling is 
(approximately) an isometry transformation in (coarse) 
hyperbolic geometry95.

Yet hyperbolic geometry is not the geometry of the 
observable structure of real- world networks discussed 
above, but the geometry of their latent spaces that  
we discuss here. The two geometries are intimately 
related because network paths that follow hyperbolic 
geodesics in the latent space are the shortest paths in 
the network with high probability21,25,96,97 — the network  
is said to be congruent with its underlying latent  
geometry.

Models. Models in which nodes are connected based 
on their proximity in a latent space are known as (soft) 
random geometric graphs in mathematics, where they 
have been extensively explored98. In the simplest random 
geometric graph model, n nodes are placed uniformly at 
random on the interval [0, n] with periodic boundary 
conditions, that is, on the circle S1. The node pairs are 
then connected if the distance between them on the cir-
cle is less than a parameter μ > 0 controlling the average 
degree (〈k〉 = 2μ). The model yields networks with non- 
vanishing clustering (〈c〉 = 3/4) and an average shortest- 
path length that scales linearly with network size. Such 
networks are thus large worlds.

From the statistical physics perspective, this sim-
plest possible latent- space network model is the zero 
temperature (that is, the inverse temperature β → ∞) 
limit of a more general entropy- maximizing probabil-
istic mixture of grand canonical ensembles with the 
Fermi–Dirac probability of connection between nodes i  
and j:

p
e

= 1
+ 1

(6)ij β ε μ( − )ij
.

In this ensemble, edges are fermions with energies

ε f x= ( ), (7)ij ij

where f(xij) can be any function of distances xij between 
nodes on the circle, β fixes the average energy and μ is 
the chemical potential controlling the expected number 
of edges (fermions) and thus the average degree.

The choice of f(x) defines network properties in the 
ensemble. The necessary and sufficient conditions for 
networks in the model to be sparse small worlds with 
non- vanishing clustering are f x x( ) ln∝  and β ∈ (1, 2) 
(reF.99). More precisely, if ∝f x x( ) ln , then clustering  
in the n → ∞ limit is zero for β ≤ 1 but an increasing  
positive function of β > 1; networks are small worlds 
whenever β < 2.

The distribution of node degrees in such models is 
homogeneous, but the model can be modified to yield 
any degree distribution. Such a modification, known 
as the 1S  model (Fig. 3a), sets the edge energy given in 
equation 7 to

ε
x

κ κ
= ln , (8)ij

ij

i j

and hence the connection probability in equation 6 to

( )
p

χ
= 1

1 +
= 1

1 +
,

(9)ij
ij
β x

μκ κ

β
ij

i ĵ

where κi is the expected degree of node i = 1, …, n in 
the ensemble20 and ̂μ is a constant that fixes the aver-
age degree. The values of parameters κi can be either 
fixed or random, sampled from any desired distribu-
tion. If they are sampled from the Pareto distribution 
ρ κ γ κ κ( ) = ( − 1) γ γ

0
−1 − , the resulting degree distribution is  

Pareto- mixed Poisson100, which for k ≫ 1 is a power law 
P(k) ∼ k−γ observed in many real- world networks101.  
As in the simplest random geometric graph model, clus-
tering is zero for β ≤ 1 and an increasing positive func-
tion of β > 1. The networks in the model are ultrasmall 
worlds whenever γ < 3. The definition of edge energy 
in equation 8 combines the popularity (degrees κi)  
and similarity (distances xij) dimensions into a single 
measure, whereas the connection probability takes the 
gravity- law form in equation 9, decreasing with the sim-
ilarity distance xij and increasing with the popularity 
product κiκj.

An intermediate step to go from the S1 to hyperbolic 
geometry is to map κ to y by

κ y κ= (10)2↦ .

This change of variables places all nodes i at coordi-
nates (xi, yi), R∈xi , y κ>i 0

2, in the upper half- plane model 
of the hyperbolic plane 2H  (reF.102), which has a long 
history in relation to networks88,103–108. If ρ(κ) is Pareto 
with γ = 3, then nodes are distributed uniformly on the 
hyperbolic plane, where the metric is ds2 = (dx2 + dy2)/y2. 
The group of distance- preserving isometries of the 

Fig. 3 | Networks in latent geometry. a | Model S1 (1D sphere). The 1S  distances da 
between pairs of nodes A1–A2, B1–B2 and C1–C2 (coloured in blue) are highlighted. The 
size of a node is proportional to its expected degree κ. b | Model 2H  (2D hyperbolic disk). 
The same highlighted pairs of nodes (in blue) are at the same hyperbolic 2H  distance. 
Higher- degree nodes are positioned closer to the centre. The angular S1

 distances 
between the corresponding node pairs are the same in parts a and b. c | World trade map 
in 2013. Node colours correspond to communities detected by the critical gap method 
(part e). See Supplementary Table S1 in reF.30 for the country associated with each 
acronym. d | Metabolic network of bacterium Escherichia coli. Yellow circles represent 
reactions and blue squares are metabolites. The name of a pathway is located at the 
average angular position of all the reactions belonging to it. Acronyms for metabolites 
are defined in the BiGG database (http://bigg.ucsd.edu/). e | Critical gap method.  
Nodes are partitioned into groups separated by void angular gaps. The modularity of the 
partition is computed by comparing the number of links within the communities (purple 
links) to the number of links between nodes in different communities (green links).  
The partition with the highest modularity is selected. f | Proximity of shortest paths in 
hyperbolic networks to hyperbolic geodesics. Blue arrows show the paths that geometric 
routing finds for two source–destination pairs in a hyperbolic network. The found paths 
are also the shortest paths in the network in terms of the number of hops. The hyperbolic 
geodesics between the corresponding sources and destinations in the hyperbolic plane 
are shown as dashed red curves. g | Structural network of the human brain with links 
coloured by whether they belong (magenta) or do not belong (cyan) to the minimal 
network that enables maximal navigability in the brain (the navigation skeleton). Parts 
a,b,c are adapted from reF.30, CC BY 4.0 (https://creativecommons.org/licenses/by/4.0/). 
Part d adapted with permission from reF.139, Royal Society of Chemistry. Part g adapted 
from reF.26, Springer Nature Limited.
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half- plane is isomorphic to the Lorentz group SO(1, 2).  
The Lorentz boosts, which are hyperbolic rotations in the  
3D Minkowski space, act on the upper half-plane as  
space-rescaling transformations x x ξx=↦ ′ , ↦ ′y y ξy= , 
where ξ > 0 (reF.109). The energies

ε
x

κ κ

x

y y
= ln = ln (11)ij

ij

i j

ij

i j

are thus manifestly invariant with respect to rescaling 
Lorentz boosts, as is the model. Lorentz boosts form a 
non- compact subgroup of all isometries of the hyperbolic 
plane. However, the model is not invariant with respect 
to all isometries of the full Lorentz group because energy 
is not exactly a function of the hyperbolic distance,  
and hence neither is the connection probability.

This problem is fixed in a slightly different but asymp-
totically equivalent model, known as the H2 model21, 
given by the map

↦κ r R κ= − 2ln , (12)

where R n c= 2ln ( / ) and c is the parameter controlling 
the average degree. This map places nodes i at polar 
coordinates (ri, θi), θi = 2πxi/n, on the hyperbolic disk 
of radius R in the hyperboloid model of the hyperbolic 
plane with metric ds dr r dθ= + sinh2 2 2 2 (reF.102; Fig. 3b). 
The edge energy becomes











ε r r
θ

d= 1
2

+ + 2ln
2

≈ 1
2

, (13)ij i j
ij

ij

where θij and dij are the angular and hyperbolic dis-
tances between the two nodes. The approximation holds 
for a fraction of node pairs that converges to 1 in the 
n → ∞ limit21. With this approximation the connection 
probability reads

p
e

= 1

1 +
(14)ij d R( − )β

ij2

.

The simplest formulation of the model is when ρ(κ) 
is Pareto with exponent γ = 3 and β → ∞: sprinkle n 
points uniformly at random over a hyperbolic disk of 
radius R, and then connect all pairs of points located at 
hyperbolic distance dij < R from each other. The equiva-
lence between the 1S  model and this H2 representation is 
shown in Fig. 3b. Because energy is a function of the dis-
tance in equation 13, the model is fully Lorentz invariant 
in the n  → ∞ limit for any β.

The latent space in the model does certainly not have 
to be the circle 1S . It can be any compact homogene-
ous space of any curvature and dimension D (reF.99). 
The higher the dimension, the lower the clustering 
for the same value of β (reFs34,110). On the hyperboliz-
ing change of variables in equations 10 and 12, these 
D- dimensional spaces turn into hyperbolic spaces 
of dimension D + 1 and the edge energy becomes 
ε d= ln ≈ /2ij

x

κ κ ij( )
ij

i j
D1/  (reF.99).

The models have been also adapted to growing 
networks35 — in which case the latent space is not hyper-
bolic but de Sitter space d D1,S  with the same Lorentz 
group SO(1, D + 1) of symmetries111 — and to weighted 

networks112, multilayer networks113,114 and to networks 
with community structure29,32,115. The model has yet 
to be extended to directed networks, because it is not 
clear how to reconcile the intrinsic symmetry of metric 
distances with asymmetric interactions among nodes.

The equivalence between the two models in equa-
tions 8 and 13 is a reflection of the isomorphism between 
the Lorentz group SO(1, D + 1) and the Möbius group 
acting on sphere SD as the group of its conformal trans-
formations. This isomorphism is a starting point of the 
anti- de Sitter/conformal field theory correspondence in 
string theory116.

It is important to re- emphasize that the latent space 
in the described models can indeed be any compact 
homogeneous space of any dimension D (reF.99). This 
space can also be flat, or positively or negatively curved. 
However, the effective space of the higher dimension 
D + 1 is always hyperbolic, that is, negatively curved. 
What makes this space hyperbolic is the simple change 
of variables in equations 10 and 12, which maps the 
expected degrees of all nodes to their D + 1th (radial) 
coordinates. On this change of variables, the probabil-
ity of connections is always a function of hyperbolic 
D + 1- dimensional distances only (equations 13 and 14). 
However, the nodes are distributed uniformly accord-
ing to the metric in this D + 1- dimensional hyperbolic 
space only if the degree distribution is a power law with 
exponent γ = 3, that is, only if ρ(κ) is Pareto with γ = 3.

Another important observation is that, as was 
shown recently in reF.99, the described models are 
unique latent- space network models that satisfy cer-
tain maximum- entropy requirements and that produce 
sparse heterogeneous uncorrelated small worlds with 
non- zero clustering. At present, these models are also 
the only known class of network models that capture  
all the follow ing properties of many real-world networks: 
sparsity, self-similarity, small-worldness, heterogeneity, 
non-vanishing clustering and community structure.  
As a result, this ensemble of random graphs has attracted 
substantial research attention in mathematics and theo-
retical computer science, fields in which many basic and 
advanced properties of random hyperbolic graphs have 
been (re)derived rigorously117–128.

Hyperbolic maps of real- world networks. A collection of 
methods have been developed to infer the coordinates 
of the nodes of a real- world network in its latent space.

Many generative- model- based methods perform 
statistical inference using Monte Carlo sampling 
and maximum likelihood estimation97,129–131. Data-  
driven methods vary in flavour. One such method 
is unsupervised machine learning, which is used, as 
in coalescent embedding132, to implement nonlinear 
dimension reduction133. Other data- driven methods rely 
on the network community structure31,134. Mechanistic-  
model- based methods map the network while unfold-
ing the similarity space135. Generative models and 
data- driven models both have advantages and disadvan-
tages in terms of accuracy and speed, so hybrid models 
have been developed136,137. Hybrid methods obtain initial 
coordinate estimates using machine learning techniques, 
and then refine the results via maximum likelihood 
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estimation. In general, the main challenge that hyperbolic 
network mapping methods face is the abundance of local 
maxima in highly non- convex likelihood landscapes.  
An efficient way to escape from these maxima — thus 
boosting the inference accuracy — is to shake the sys-
tem by adding decreasing levels of noise to it138, a method  
conceptually similar to simulated annealing.

The application of these methods to real- world net-
works makes it possible investigate them at different 
resolutions using the latent- space RG, which unfolds 
the network in a sequence of self- similar layers, or 
renormalization shells34. The maps of real networks30,139 
(Fig. 3c,d) also revealed the existence of geometric com-
munities and helped decode mechanisms that govern 
network evolution, such as globalization, localization 
and hierarchization, which drive the evolution of inter-
national trade30. Such maps have also shed light on many 
dynamical processes in real- world networks, showing, 
for instance, that cooperation in social networks is con-
trolled more strongly by the latent- space organization 
than by highly connected hubs in the system140. Another 
class of applications of hyperbolic maps of real networks 
is link prediction. Because the connection probability 
in the described models is a decreasing function of the 
latent hyperbolic distance, the models predict that links 
are more likely to exist between hyperbolically closer 
pairs of nodes. Link prediction using hyperbolic geom-
etry has been analysed from different angles135,138,141,142. 
It appears to be particularly powerful when it comes 
to predicting links that are difficult to predict, such as 
links between nodes without common neighbours138. 
Finally, one of the most practical applications of map-
ping real- world networks to their latent geometries is 
the design of efficient routing protocols for the Internet97 
and for emerging Internet- of- Things telecommunication 
networks143. We discuss some of these applications below.

Geometric communities. In the above models, the angu-
lar distribution of nodes is uniform. However, nodes in 
maps of real networks are clustered in regions that define 
geometric communities. Such communities have been 
observed in many real networks, including the Internet97, 
metabolic networks in cells139, trade networks30 and brain 
connectomes144. Non- overlapping communities can be 
detected in the geometric domain using purely geometric 
methods. One definition considers soft communities as 
groups of nodes in similarity space separated from the 
rest by angular gaps that exceed a certain critical value139. 
An alternative, known as the critical gap method30, finds 
the communities by changing the gap and selecting the 
soft community partition that maximizes the standard 
modularity measure (Fig. 3e). These distance- based com-
munities show strong correlations with groups defined 
by metadata, such as geographical location of the auto-
nomous systems in the case of the Internet97, biochemical 
pathways of reactions in metabolic networks139 or ana-
tomical brain regions in structural brain networks27,145. 
Geometry- based communities also overlap substantially 
with topology-based communities, making the geometric  
nature of complex networks even more evident30,146.

Geometric communities affect degree–degree correla-
tions and the functional form of the clustering spectrum  

in the network ensemble. In the ‘vanilla’ version of the 
model described above with the homogeneous distribu-
tion of angular coordinates, these properties are not tun-
able but are fixed by structural constraints147,148. However, 
if these coordinates are not homogeneously random 
but instead set by their heterogeneous values inferred 
in a real network with communities, the ensemble of 
random networks generated by the model using these 
heterogeneous inferred coordinates accurately repro-
duces the degree correlations and clustering in the real 
network137,138. This observation suggests that, to a great 
extent, degree correlations are a consequence of latent 
geometry coupled with inhomogeneous distributions 
of nodes in it.

Navigability. Latent space guides navigation in the  
network based on distances between nodes in  
the space25. That is, instead of finding shortest paths  
in the network — a computationally intensive combi-
natorial problem in a network that changes dynami-
cally, such as the Internet149 — a transport process can 
be geometric, relying only on geodesic distances in the 
space. The efficiency and robustness of such processes28 
determines how navigable a network is. Navigability is 
improved for smaller γ and larger β, thereby defining 
a navigable parameter range to which many real- world 
networks belong25. Networks in the hyperbolic model 
described above are nearly maximally efficient for such 
geometric navigation21, which has recently been proven 
rigorously121.

The main reason behind this phenomenon is the 
existence of shortest paths close to the correspond-
ing geodesics in the underlying hyperbolic geometry 
(Fig. 3f) for any pair of nodes in hyperbolic networks. 
Another critical factor is the existence of superhubs that 
interconnect all parts of the network, present as soon  
as γ < 3 (reF.21), in which case the networks are known as 
ultrasmall worlds52. Navigation in hyperbolic networks 
with γ < 3 can always find these ultrashort paths96; thus, 
navigation in these networks is asymptotically optimal. 
Conversely, networks that are maximally navigable by 
design are similar to hyperbolic networks26, and many 
real- world networks, such as the human brain (Fig. 3g), 
contain large fractions of their maximum- navigability 
skeletons26. Assuming that real- world networks evolve 
to have a structure that is efficient for their functions, 
these findings provide an evolutionary perspective 
on the emergence of the latent geometry that leads to 
structural commonalities observed in many different 
real- world networks.

Renormalization and self- similarity. Networks in the 
discussed models are purely scale invariant in the ther-
modynamic limit, and thus contain an infinite hierarchy 
of self- similar nested subgraphs induced by nodes that 
have degree exceeding a given threshold (Box 1). This 
observation applies to many real networks, for which 
the average degree of the subgraphs increases as a func-
tion of the degree threshold150. This property makes it 
possible to prove the absence of percolation or epidemic 
thresholds in such networks150, independently of the 
commonly used tree- like or scale- free assumptions151. 
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The proof is general and is based solely on a symmetry 
principle. Thus, it also applies to any phase transition 
for which the critical point is a monotonic function of 
the average degree150. Examples of models for which the 
proof holds include susceptible–infected–susceptible 
(SIS)- type epidemic spreading, which in scale- free net-
works lack a healthy phase152 or the Ising model, which 
in scale- free networks lacks a disordered phase153–155.

Self- similarity is also observed in the multiscale 
organization of networks, and can be explored at dif-
ferent resolutions by applying a geometric renor-
malization transformation34 inspired by concepts 
from the real- space RG in statistical physics58,59,156. 
The method takes a different approach to that of the 
shortest- path- distance RG discussed above, as it relies 
on distances in the similarity subspace to coarse- grain 
neighbouring nodes into supernodes that define a new 
rescaled map (Box 1). The iteration of the transformation 
unfolds a network into a multiscale shell that progres-
sively selects longer- range connections, revealing the 
co- existing scales and their interactions. Self- similarity 
under geometric renormalization is a ubiquitous sym-
metry in real- world networks (Fig. 4a–c), in good agree-
ment with the prediction given by the renormalizability 
of the underlying S1 model34 (Fig. 4d–f). This result sug-
gests that the same connectivity law rules short- and  
long- range connections, and operates at different length 
scales. Interestingly, the structure of the human brain 
remains self- similar when the resolution length is pro-
gressively decreased by hierarchical coarse- graining of 
the anatomical regions, a symmetry that is predicted by 
geometric renormalization144. From a practical point 
of view, applications of self- similarity under geometric 
renormalization include a multiscale navigation pro-
tocol that takes advantage of the increased navigation 
efficiency at higher scales, and scaled- down network 
replicas. In these network replicas, the behaviour of 
dynamical processes — such as SIS epidemic spread-
ing, the Ising model or the Kuramoto model157 — is 
preserved across layers (Fig. 4g–i).

Open questions. In neuroscience, geometric naviga-
tion as discussed above offers a possible explanation 
and mechanism for the routing of information in the 
brain. This hypothesis has been investigated at different 
depths and from different perspectives158–167. Geometric 
navigation is effective only when the network topo logy 
is congruent with the underlying latent geometry so that 
following geodesic paths in the latent space is equiva-
lent to navigating through topological shortest paths. 
This equivalence seems to hold for structural brain net-
works whose many structural and navigability proper-
ties are well described by the 1S /H2 geometric network 
model27,145, for which the same connectivity laws apply 
both to short- range and long- range connections and at 
different scales144. Thus, simplicity might be one of the 
main organizing principles of human structural brain 
networks — at least at the macroscale level, which dis-
plays a self- similar architecture across different anatom-
ical length scales, in good agreement with the discussed 
geometric models144, unlike traditional approaches 
that describe brain connectivity using Euclidean 

geometry168–170. Euclidean distances certainly do play a 
role in the brain. However, they are not the only factor 
determining similarity, and thus connectivity, between 
brain regions27,144. More recently, data- driven dimen-
sional reduction techniques145,171 and local curvature 
measures172 have been proposed as alternative geomet-
ric descriptions that avoid the definition of connectivity 
laws. It remains unknown how the hyperbolic geometry 
of the brain relates to the widely accepted optimization 
principles that Santiago Ramón y Cajal hypothesized 
more than a century ago as the two forces ruling the 
evolution of mammalian brain connectivity: minimizing  
wiring costs and maximizing conductivity speed173.

In the context of machine learning, primarily after 
the publication of reF.174, hyperbolic spaces have ignited 
vigorous research activity. This activity has been applied 
to many settings and tasks including embedding graphs 
and other data, such as images and texts, as well as in 
the design of neural networks, attention networks and 
knowledge graphs, with applications including data 
classification, image recognition, natural language 
processing, link prediction and scalable recommender 
systems175–185. Overall, the main flavour of these results 
confirms one of the main points in reF.21: compared 
with Euclidean geometry, hyperbolic geometry appears 
to be a better (embedding space) model for highly 
heterogeneous networks and other data.

In terms of open questions, perhaps one of the most 
common ones is how to tell whether a given (real world) 
network has a latent (hyperbolic) space. This question 
is a variant of the more general question of how to tell 
whether a given model is a good model for a given net-
work. Such questions can never find positive answers 
because one can never learn a model or a distribution 
based on one sample from it. Neither can one know for 
sure whether any given network has typical values of all 
possible network properties in any given model, simply 
because the number of such properties is infinite186. One 
can always check if any finite collection of properties of 
the network have the typical values in the model, and 
as soon as an atypical property is found, one may raise 
doubts how good the model is for the network at hand. 
Such a finding does not always render the model useless. 
For instance, clustering is zero in stochastic block mod-
els and non- zero in real- world networks, but this fun-
damental mismatch does not appear to diminish much 
the interest in stochastic block models, owing to their 
simplicity and tractability.

The latent- space models described above repro-
duce most of the important properties of real- world 
networks. What this means is that any network that 
has these properties can be mapped to a latent space 
of any dimension, yielding some non- trivial results. 
What space dimension one should choose for the 
embedding132,187 is an interesting open problem. Solving 
it requires identifying a network property that would 
depend on the space dimension in a known way. At 
present, it is known that clustering is a decreasing 
function of dimension34,110, but it is also a decreasing 
function of temperature20,21, so that the value of cluster-
ing by itself cannot tell us the likely value of the space 
dimension. In the absence of such understanding, and 
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given that space in hyperbolic geometry expands expo-
nentially fast in any dimension, which minimizes any 
distortions of low- dimensional mappings, there are 
no reasons not to choose the simplest case D = 1 for 
the embedding, unless overparametrization may be 
beneficial, as in deep learning188.

Another important open problem is to identify a 
collection of network properties that are not only nec-
essary but also sufficient conditions for latent geomet-
ricity. This problem is not about any given network, in 
which case it can never be solved for the reasons given 
above, but about network models. For instance, the 
question about whether clustering is such a property 

can be formulated as follows: is a model that reproduces 
clustering but produces otherwise maximally random 
networks equivalent to a latent- space model? Such ques-
tions cannot be answered without additional stringent 
assumptions and requirements, such as the requirement 
of maximum entropy. The first steps in this directions 
have been made in reFs99,189.

Other open problems, which are interesting from 
the practical perspective, are to study the coupling 
of dynamical processes with the latent space and to 
generalize latent- space network models to temporal 
networks190. It has been observed that clusters in the 
underlying metric space emerge in evolutionary games 
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ij
l( )χ  as defined in equation 9 (part a); complementary cumulative 

distribution P l
c
( ) of rescaled degree ( )k l

res (part b); and degree- dependent 
clustering coefficient c l( ) over rescaled- degree classes (part c; inset shows 
normalized average nearest- neighbour degree ( )k l

nn,n). d | The same as in part a, 
but for a synthetic S1 network with N ≈ 225,000 nodes, scale- free exponent 
γ = 2.5 and inverse temperature β = 1.5. The black dashed line shows the 
theoretical curve given in equation 9. Inset: invariance of the mean local 
clustering C(l) along the flow. e | Real networks in the connectivity phase 
diagram of the S1 renormalization flow. The synthetic network of part d is 

also shown. Darker blue (green) in the shaded areas represent higher values 
of the exponent c controlling the flow for the average degree 〈k〉(l+1) = rc〈k〉(l). 
The dashed line separates the γ- dominated region from the β- dominated 
region. In phase I, c > 0 and the network flows towards a fully connected 
graph. In phase II, c < 0 and the network flows towards a 1D ring. The red line 
c = 0 indicates the transition between the small- world and non- small- world 
phases. In region III, the degree distribution loses its scale- freeness along 
the flow. f | Exponential increase of the average degree of the renormalized 
real networks 〈k〉(l) with respect to l. g–i ∣ Simulation of the Ising (part g), 
susceptible–infected–susceptible (SIS) (part h) and Kuramoto (part i)  
models in scaled- down replicas of the real Internet. The dynamics is 
preserved even in small replicas 25 times smaller than the original network. 
m, magnetization; T, temperature; ρ, prevalence; λ, infection rate; r, 
coherence; σ, coupling strength. Results in parts g–i are averaged over 100 
simulations. Parts reprinted from reF.34, Springer Nature Limited.
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on scale- free networks140. Other processes could present  
geometric patterns in their dynamical states as well.  
A key point is that essentially all real- world networks are 
highly dynamic at different timescales, suggesting that 
the positions of nodes in the latent space cannot be fixed 
but must constantly change. However, the development 
of dynamic latent- space models is challenging, because 
there is no consensus or even general understanding 
concerning the exact set of requirements for such mod-
els. The main high- level problem is that there are too 
many ‘degrees of freedom’ in designing these models, 
that is, arbitrary choices can be made, and there are no 
generally agreed guiding principles concerning what 
choice is better or worse.

At a more fundamental level, the fact that hyperbolic 
networks are Lorentz invariant in the thermodynamic 
limit suggests the need to re- examine the role of pro-
babilistic symmetries191 in the theory of graph limits192. 
Traditionally, the main symmetry of interest in that 
context has been exchangeability193 — the requirement 
that the probability of a graph in an ensemble does not 
depend on how nodes in the graph are labelled, remi-
niscent of gauge invariance in physics. This requirement 
is stringent for deep statistical reasons193, but it is also 
easy to appreciate intuitively: if node labels 1, …, n are 
just random ‘coordinates’ used to represent an otherwise 
unlabelled graph as an adjacency matrix, then the prob-
ability of the graph in the ensemble cannot depend on 
these meaningless coordinates. However, the Aldous–
Hoover theorem194,195 states that graphs in the thermo-
dynamic limit of any exchangeable graph ensemble 
are either dense or empty. This fact is in an unsettling 
disconnect with real- world networks, a vast major-
ity of which are sparse. Therefore, different notions of 
exchangeability- like probabilistic symmetries have been 
investigated for sparse graph limits196–199. Because of the 
Aldous–Hoover theorem, they all depart from the 1, …, n  
‘coordinate system’ for node labels, and rely on different 
systems of node or edge labels. The Lorentz invariance 
of hyperbolic networks suggests that the labels of nodes 
can be indeed their coordinates in a latent space, with 
exchangeability replaced by invariance with respect  
to the space isometries. The hope is that such ensembles 
may have some interesting and tractable thermodynamic 
limits.

Dynamic geometry of network processes
The existence of a hidden geometry of network structure 
naturally raised the question of whether a hidden geom-
etry of network dynamics was plausible. The motivation 
for this question is to identify the latent space due to 
system function that arises from the interplay between 
structure and dynamics. Note that network dynamics 
is broadly defined, and includes the dynamics of ver-
tex and edge creation or destruction — exemplified by 
network growth processes or time- varying topologies190, 
for example — and the dynamics of processes on the 
network. The hidden geometry induced by dynamics 
has been mostly explored for the latter, except for a few 
notable cases200.

Geometric tools have proved fruitful for unravelling 
hidden patterns lurking in the complex behaviours of 

network- driven processes. From the spread of rumours 
and opinions in sociotechnological systems to the 
global spread of innovations and epidemics, combin-
ing dynamics with the self- similar structure of complex 
networks and their latent geometry results in heteroge-
neous processes that cannot be easily understood when 
investigated in the Euclidean space where they are often 
embedded. However, when the same dynamical pro-
cesses are analysed through the lens of the geometries 
they induce, one often discovers simple and elegant 
arguments to better understand the complex spatiotem-
poral patterns observed in a broad spectrum of complex 
systems.

Because it is possible to define multiple dynamical 
processes on the network — such as epidemic spread-
ing (Fig. 5) or random searches (Fig. 6) — one does not 
expect to find a unique latent geometry for the system’s 
functioning: in principle, there could be as many hidden 
geometries as the number of plausible network- driven 
processes.

In this universe of dynamical processes, the dynam-
ics of information exchange has mostly been modelled 
through diffusive processes, for which the amount of 
matter being diffused is conserved, and spreading pro-
cesses, in which the amount of matter being diffused is 
duplicated at each step (as in the spreading of viruses or 
ideas) and consequently is not conserved. Such dynam-
ics have been successfully exploited to define metric 
or quasi- metric measures to probe the corresponding 
latent geometry. The difference between metric and 
quasi- metric measures is that, in the latter, the symmetry 
axiom is relaxed.

Remarkably, these classes of network geometry, 
induced by kinematic distances, provide results about 
a system’s function that cannot be obtained by geomet-
ric approaches discussed in the previous sections. An 
emblematic example concerns the mesoscale organiza-
tion of interconnected components that exchange infor-
mation during collective phenomena — such as coupled 
oscillators trying to synchronize or people with social 
relationships attempting to reach consensus — which 
can be characterized by mapping the interplay between 
structure and function to a geometric space induced by 
diffusion dynamics42. The resulting functional modules 
differ from the ones obtained by other geometric tech-
niques such as functional modularity maximization65, 
because the latter finds an optimal partition of the sys-
tem while minimizing the possible number of modules 
of given topological size ℓ, which in turns defines the 
characteristic distance between nodes within modules. 
Conversely, modules identified on the diffusion man-
ifold at time τ, determining the scale of dynamics, are 
characterized by groups of nodes that easily exchange 
information — for instance, in terms of random searches 
— within Markov time τ, as we discuss here.

Geometry induced by resistance. In first approximation, 
one can model information exchange in a network with 
a model similar to that of current flow in a circuit. This 
approach is probably among the first historical attempts 
to quantify a distance between nodes in terms of a 
(simple) dynamics. This resistance distance Rpq (reF.201) 
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between two nodes p and q of a network is calculated 
by assuming fixed resistors on each network edge: the 
corresponding circuit — under the further assumption 
that p and q are directly connected by a battery to allow 
electric currents to flow — allows for the calculation of 
effective resistances as

R Ω Ω Ω Ω= + − − , (15)pq pp qq pq qp

where †Ω N= + −1L U, and N is the size of the network, U is 
a matrix with all entries equal to 1 and †L  is the Moore– 
Penrose inverse of the Laplacian matrix of the network. 
On the one hand, this metric has been successfully used, 
for instance, to analyse specific isomers202 and genetic 
differentiation203. On the other hand, it has been also 
shown that, for some classes of graphs, the resistance 
distance converges to the trivial thermodynamic limit 
k k+p q

−1 −1, where k indicates the node degree204, reduc-
ing the usefulness of this metric for the analysis of most 
empirical systems.

Geometry induced by communicability. One of the 
first metrics based on dynamics was the communica-
bility distance87,205. This metric can be introduced by 
starting from the concept of communicability between 
two nodes i and j of a network, which is defined as 
G A= exp( )ij ij, where A is the underlying adjacency 
matrix. From a mathematical point of view, communi-
cability quantifies how well a pair of nodes exchanges 
information by all possible walks between them, giv-
ing more weight to the shortest ones, as can be under-
stood by considering the Taylor expansion of the 
communicability matrix G (reFs87,205).

Communicability can also be understood from a 
physical perspective. Consider a network where nodes 
are harmonic oscillators and links are springs, and the 
system is submerged into a thermal bath with inverse 
temperature β = 1/kBT, where kB is the Boltzmann con-
stant. Then communicability provides a representation 
for the thermal Green’s function of the system, indicating 
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Fig. 5 | Geometry induced by spreading dynamics and 
universal temporal distance. a | Evolution of a simulated 
disease spreading originating in Hong Kong: red symbols 
encode the prevalence. Top panels show the evolution in 
the latent space; bottom panels show the same dynamics 
in the natural space. When the spreading dynamics is 
depicted by exploiting the induced geometry, complex 
spatial patterns are mapped to homogeneous wave fronts 
propagating at constant effective speed. b,c | Relationship 
between epidemic arrival times (Ta) and the two distances 
for the spreading of influenza A virus subtype H1N1.  
The relation is nonlinear when geographic distance Dg is 
used (part b) whereas it is nicely reproduced by a straight 
line when effective distance Deff is considered (part c).  
d,e | A signal travelling from vertex j to the rest of the 
system exhibits different spreading patterns (part d), 
captured by the universal temporal distance j i( )→L , 
impacting different nodes (such as nodes 1 and 2) in 
different ways (part e) depending on the type of dynamics, 
described by the parameter θ: distance limited (θ = 0; top); 
degree limited (θ > 0; middle); or composite (θ < 0; bottom) 
Aij indicates the corresponding entries of the adjacency 
matrix; xi(t) indicates the ith entry of the state vector at 
time t. f–h | The homogeneous propagation of concentric 
wave fronts emerge from the analysis of a broad spectrum 
of synthetic and empirical systems. R1 and R2 indicate 
models capturing regulatory dynamics, M captures 
ecological interactions, E captures epidemic 
spreading, N captures neuronal activation and P 
captures population dynamics. Parts a–c adapted with 
permission from reF.40, AAAS. Parts d–h adapted from 
reF.43, Springer Nature Limited.
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how a thermal oscillation propagates between nodes. 
The difference between the absorbed and transmit-
ted excitation between two nodes due to such thermal 
disturbances is quantified by the communicability 
distance205

ξ β G β G β G β( ) = ( ) + ( ) − 2 ( ), (16)pq pp qq pq

which enables building a hyperspherical embedding of 
a complex network206 at different temperatures. This 
graphical embedding yields a representation of a geom-
etry that is able to capture, for instance, spatial efficiency 
of networks207, traffic flows in cities208 and constrained 
diffusion in coupled networks209 such as multi layer 
systems210. Because the topic is vast and beyond the  
scope of the present Review Article, we refer the inter-
ested reader to reF.211 for a thorough review of the mathe-
matical and physical properties of communicability 
distances in complex networks. We also stress that, as 
well as the communicability distance, other important 
generalizations of the traditional shortest- path distance 
have been investigated in mathematics212,213.

Geometry induced by reaction–diffusion. Another 
important class of geometry that is induced by network 
dynamics is obtained by considering a quasi- metric 

as effective distance, and can be used to gain insights 
about reaction–diffusion processes such as the spread-
ing of infectious diseases through mobility networks40,214. 
Given a network of geographic areas (such as airports) 
and edges encoding direct air traffic (in units of passen-
gers per day) from node i to node j, let Fji indicate the 
corresponding mobility flow. The connectivity matrix 
P, with components Pij = Fij/∑iFij, quantifies the fraction 
of this flow originating from node j directed towards 
node i. Despite the structural complexity of the network, 
involving multiple and often redundant pathways for 
the transmission of contagion phenomena, the effective 
distance defined by

δ P= 1 − log , (17)ij ij

reveals hidden geometric patterns in which the dynam-
ics of epidemic spreading is elegantly mapped into the 
propagation of wave fronts with an effective speed. This 
latent dynamic geometry can be used to better pre-
dict the arrival times of empirical contagion processes 
in distinct geographic areas and to reconstruct, with 
reasonable accuracy, the origin of outbreaks (Fig. 5a–c).

Similarly, the collective dynamics of spatiotemporal 
propagation of signals on networks can be interpreted 
by looking at the effect of the geometry induced by their 
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Fig. 6 | Diffusion geometry of complex networks and multilayer networks. a | Euclidean embedding of a network with 
four clusters. The embedding provides a representation of the latent diffusion geometry with Markov time τ = 1. b,c | In the 
diffusion space, two nodes from the same functional cluster are (and remain) closer across time, τ, than nodes belonging  
to different clusters. Diffusion- distance matrices corresponding to different times are shown at the bottom and allow 
identification of the underlying functional organization at different scales. d | The functional modules that maximize the 
average diffusion distance define the mesoscale structure that favours the overall information exchange. The significance 
of this structure can be quantified by comparing against the result obtained from a configuration model preserving the 
degree distribution of the original data while destroying other correlations. e | Diffusion geometry analysis of the anatomical 
connectivity (335 visual, 85 sensorimotor and 43 heteromodal) from 30 visual cortical areas and 15 sensorimotor areas  
in the macaque monkey. Clusters identified by structural analysis of the connectome using the spin- glass approach are 
different, as the anatomical organization and the mesoscale organization obtained from the configuration model.  
Figure adapted with permission from reF.42, American Physical Society.
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dynamics on the definition of the universal temporal 
distance43

→ .
→ ∈ →

∑j i S( ) = min (18)
Π j i p Π j i p j

p
θ

( ) ( ), ≠












L

In equation 18, Π(j → i) = j → q → . . . → i indicates 
the shortest path from node j to node i. The delay τp in 
signal propagation occurring on each node p ∈ Π(j → i) 
is assumed to scale as τ Sp p

θ∼ , where Si = ∑kAik is the 
weighted degree of node i and θ = −2 − Γ(0), and where 
Γ is a parameter determined by the system’s dynam-
ics. This metric yields excellent predictions about the 
actual propagation times T(j → i) for a range of non-
linear dynamic models (Fig. 5d,e). Furthermore, despite 
their diversity, disparate propagation patterns actually 
condense into three distinct dynamic regimes (Fig. 5f–h) 
characterized by the interplay between network paths, 
degree distribution and the interaction dynamics43.

In the same spirit, spreading processes on noisy 
geometric networks215,216 have been recently investi-
gated to understand how contagion dynamics is driven 
by the underlying topology41. Noisy geometric networks 
provide a suitable framework to model systems charac-
terized by both short- range (that is, large world) and 
long- range (that is, small world) interactions among 
nodes. Contagion maps, which have a manifold struc-
ture that reflects the interplay between local structure, 
non- local structure and the epidemic spreading process, 
provide a suitable tool to recover the geometric features 
of a network’s underlying manifold and describe wave 
front propagation in the corresponding geometric space. 
This geometric framework yields physical insights on 
contagions by exploiting computational topology and 
allows identification of low- dimensional structure in 
complex networks41.

Geometry induced by random search. More recently, 
random walk dynamics has been proposed to define a 
diffusion distance between pair of nodes. For a random 
walk that starts in node i with probability 1, the evo-
lution over time τ of the probability to find the walker 
in any node is described by a master equation81, the 
solution of which is given by |τ i τp e( ) = exp(− )i L , where 
ei ≡ (0, 0, . . . , 1, . . . , 0) is the ith canonical vector in the 
Euclidean space with dimension N, the size of the sys-
tem, and L I T= −  is the normalized Laplacian matrix, 
with Iij the Kronecker delta and Tij the probability for 
the random walker to move from node i to node j. The 
hidden geometric space induced by the random walk-
er’s Markov dynamics42 is characterized by the diffusion 
distance between nodes i and j, defined by

∣∣ ∣∣d τ τ i τ jp p( ) = ( ) − ( ) , (19)i j,

which provides the starting point to build diffusion 
maps which are widely adopted for low- dimensional 
embedding of high- dimensional data39, among other 
applications. Two nodes are close in their latent diffu-
sion space if they are connected by multiple pathways 
that facilitate information exchange in less than τ steps.  

As a direct consequence, the mesoscale functional organ-
ization of the network is mapped into spatial clusters in 
the corresponding diffusion manifold, with Markov time 
playing the role of a multiresolution parameter, that is, a 
temporal length scale playing the dynamic analogue of 
the shortest- path distance or the similarity metrics used 
in latent spaces.

This latent diffusion space has many applications. 
Studying it at increasing values of τ allows identification 
of functional hierarchies at multiple temporal resolu-
tions, the persistence of which across time identifies the 
mesoscale structure that favours the overall information 
exchange, providing the best coarse- graining of the sys-
tem in functional modules (Fig. 6a–e). Microscale, meso-
scale and large- scale structures can be probed for small, 
increasing and large τ, respectively. Geometry induced 
by diffusive processes reveals physical insights about col-
lective phenomena in structured populations, by estab-
lishing a formal relationship with complex dynamics 
responsible for synchronization in the metastable state 
and emergence of consensus. The recent application to 
anatomical connectivity within and between visual cor-
tical and sensorimotor areas in macaque brain reveals 
a hierarchical functional organization of cortical units, 
not identified by existing methods and not compatible 
with null models42 (Fig. 6e). The network embedding in a 
geometric space induced by diffusion distance, together 
with statistical data depth, allows for the statistical and 
most natural generalization of the concept of median 
to the realm of complex networks. This generalization 
has advantages for defining the centre of the system and 
percentiles around that centre to identify vertices that 
are socially or biologically relevant217.

More recently, it has been proposed to extend the 
framework to the realm of multilayer networks218, 
capitalizing on the generalization of different random 
walk dynamics to multilayer systems210,219,220. In fact, 
layer–layer topological correlations might alter infor-
mation exchange among state nodes, and the presence 
of different interlayer connectivity patterns might lead 
to distinct geometric regimes. It appears that when 
the fraction of interlinks is small, flow is segregated 
within layers and the diffusion manifold consists of 
two well- separated submanifolds, corresponding to the 
functional organization of each layer separately, con-
nected by weak geometric pathways; when the fraction 
is sufficiently high, the flow is integrated, new geometric  
pathways are made available for information to be 
exchanged across layers and those submanifolds mix up.  
Different multilayer diffusion manifolds have been 
used to better understand the functional organization 
of multimodal transportation and multiplex social 
systems218.

Open questions. The results discussed above make the 
geometry induced by network- driven processes perhaps 
the most suitable framework for several practical appli-
cations, such as predicting the time course of dynamics 
for forecasting and control of spreading processes, and 
locating their origin. Indeed, diffusion geometry defines 
a class of models that have the desirable advantages of 
being mathematically tractable and readily interpretable.
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The research programme for the future is broad, with 
open challenges of both theoretical and practical rele-
vance. On the one hand, the topological organization of 
empirical complex systems can be characterized in terms 
of hierarchies221,222 and mesoscale structures such as 
bow- tie223,224, k- cores225,226 and core–periphery227,228; thus 
it will be interesting to identify and characterize their 
functional counterparts in terms of diffusion geometry. 
The main challenge is to define mesoscale objects such 
as functional giant components and functional cores.  
On the other hand, research is needed to better under-
stand the deep relationships among the aspects of 
network geometry discussed in this Review Article. 
A promising step towards building a theoretical bridge 
is provided by the concept of communicability, which 
can be understood in purely combinatorial terms as 
an effective pathway — weighting in a specific way the 
contributions of walks of different lengths — between 
nodes in the network space. In this regard, it is intimately 
related to the concept of geometrical navigability, for 
instance, which is determined by selecting topological 
paths that follow geodesics in the latent space. In gen-
eral, those paths happen to be topological shortest paths 
when networks are sufficiently congruent with the latent 
space. Note that congruency can be defined in different  
ways, not only in terms of greedy shortest paths21,27,97,229 
but also by taking into account all topological shortest 
paths230.

As for further open challenges, developing RG tech-
niques in the space induced by diffusion distances is a 
fundamental open problem, the solution of which could 
shed light on the self- similar symmetries of dynamical 
processes evolving on top of complex networks. Such 
techniques could further pave the way to the analysis of 
co- existing temporal scales due to the interplay between 
structure and dynamics. Finally, a natural development 
of geometries induced by network- driven processes is 
the identification and characterization of a more general 
framework in which diffusive dynamics are replaced by 
more complex ones. This advance would improve our 
understanding of complex dynamical processes and  
has the potential to enhance the control and forecasting 
of the evolution of empirical systems.

Other flavours of network geometry
Network geometry comes in flavours other than those 
discussed in detail in this Review Article. Here, we dis-
cuss advances and open challenges in some of those 
areas.

Geometrogenesis. Perhaps one of the most funda-
mental open problems in network geometry is that of 
geometrogenesis, that is, the emergence of continuous 
geometric spaces from discrete combinatorial rules. The 
study of emergent geometries has gained momentum231,232 
from its intimate connections with long- standing combi-
natoric problems in several approaches to quantum grav-
ity, such as causal sets233,234, quantum graphity235 and causal 
dynamical triangulations236. In loop quantum gravity, for 
example, the basis of states is formed by spin networks that 
have support on a graph, determining a sort of quantum 
geometry in which the intrinsic geometry — consisting  

of quanta of space — is discrete and the extrinsic cur-
vature is fuzzy because of Heisenberg’s uncertainty 
principle237. The main challenge is to assign a classi-
cal geometrical interpretation to such states. Advances 
have been made in this direction based on operators 
that quantize both scalar and mean curvature when 
spin network edges run within the surfaces of the quan-
tized geometry238. In quantum graphity235, the space is 
a dynamical graph that evolves under the action of a  
Hamiltonian. In causal dynamical triangulation239,  
a non- perturbative path integral approach is used to 
build a connection with Hovrava–Lifshitz gravity in 
2 + 1 dimensions240. The spectral dimension, defined as 
the scaling exponent of the average return probability of 
diffusion processes (such as random walks), is used in 
causal dynamical triangulation to measure the effective 
dimension of the underlying geometry241. It can provide 
an interesting bridge to geometry induced by network- 
driven processes, for which one expects that this geome-
try characterizes the underlying diffusion manifold. More 
recently, a model242 in which random graphs dynamically 
self- assemble into discrete manifold structures has been 
proposed as an alternative to approaches based on sim-
plicial complexes and Regge calculus. The Ollivier cur-
vature, defined for generic graphs — and similar in spirit 
to Ricci curvature — is used to discretize the Euclidean 
Einstein–Hilbert action and to provide a new ground for 
emergent time mechanisms242.

In network science, a step forwards231,232,243–245 in 
addressing the geometrogenesis problem has been to 
define models of growing random graphs and simplicial 
complexes. For a wide range of parameters, these models 
lead to an effective preferential attachment and, thus, 
heterogeneous degree distributions243. In addition, some 
growth processes can be mapped to trees, leading to 
emergent hyperbolic geometry in the resulting graphs245. 
For a more exhaustive introduction to the topic, we refer 
the interested reader to the review in reF.232.

Graph curvature. Curvature is one of the most basic 
geometric notions, and a key player in the Einstein–
Hilbert action, whose least- action variation leads to 
Einstein’s equations in general relativity. It is thus not 
surprising that graph curvature appears in many flavours 
of geometrogenesis and combinatorial approaches to 
quantum gravity242. More surprising is that there is not 
one but many successful attempts to port the notion of 
curvature to the realm of networks, resulting in many 
non- equivalent definitions of graph curvature105,246–252. 
Unfortunately, none of these definitions of graph curva-
ture is rigorously known to converge to any traditional 
curvature of smooth space in the continuum limit of any 
random graph ensemble, with the exception of Ollivier 
curvature of random geometric graphs recently shown to 
converge to Ricci curvature in any Riemannian manifold 
under some strong assumptions253.

Nevertheless, many of these graph- curvature defi-
nitions have recently found applications in diverse 
applications such as differentiating cancer networks254, 
characterizing human brain structural connectivity172 
and mesoscale characterization of complex networks 
based on Ollivier–Ricci curvature255 and Ricci flow256. 

www.nature.com/natrevphys

R e v i e w s



The topic is receiving increasing attention because com-
binatorial notions of network curvature have disclosed 
profound connections between network measures, 
such as the graph Laplacian, and exquisitely geometri-
cal quantities such as the Laplace–Beltrami operator in 
Riemannian manifolds257,258 or the Fisher–Rao metric  
in information geometry259.

An important combinatorial definition of curva-
ture that is directly applicable to networks, is Gromov’s 
δ- hyperbolicity88, which has been measured for a vari-
ety of real- world networks260–263. It is a rough measure 
of how far a metric space is from a tree264. It applies 
to any metric space, including the metric spaces of 
shortest-path distances and the latent spaces. Any 
hyperbolic space is also δ- hyperbolic94, but a network 
is called δ- hyperbolic if its shortest- path metric space is  
such. This terminology often causes confusion because 
networks in the hyperbolic latent- space models dis-
cussed in this Review Article, which are often called 
random hyperbolic graphs, are actually unlikely to  
be δ- hyperbolic because their two different limits are not 
δ- hyperbolic265,266. However, at present, it is not exactly 
known how δ- hyperbolic the random hyperbolic graphs 
are — another open problem.

Topological data analysis. Another interesting bridge 
with topology has been established by generalizing net-
works to higher dimensions via simplicial complexes. 
Doing so allows for the application of persistent homol-
ogy methods267 from topological data analysis (TDA)268. 
Persistent homology relies on the filtration of a simpli-
cial complex to uncover topological features that recur 
over multiple scales and are thus likely to represent some 
true features of the underlying space. The TDA in gen-
eral and persistent homology in particular are vigorous 
research areas in data science that find applications in 
problems including spreading processes in networks41 
and the detection of geometric structure in neural 
activity269. For thorough reviews of advances in TDA, 
we refer the interested reader to reFs270,271.

Taken together, the advances in network geometry 
offer a new theoretical framework to gain deep insights 
into the fundamental principles of complex systems and, 
more generally, into physical reality. It is not excluded 
that the existing results and future advances in this area 
will lead to fruitful cross- fertilization with other areas 
of physics.
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