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Most epidemic spreading models assume memoryless agents and independent transmissions along
different infection channels. Nevertheless, many real-life cases are manifestly time-sensitive and show
strong correlations. Although some recent research efforts have analyzed the effects of memory and
others have explored synergistic contagion schemes, both topics are rarely combined. We develop a
microscopic description of the infection mechanism that is endowed with memory of past exposures
and simultaneously incorporates the joint effect of multiple infectious sources. Already in unstruc-
tured substrates our simulations show a rich variety of phenomena, including loss of universality,
collective memory loss, bistability, hysteresis and excitability. These features are the product of an
intricate balance between two memory modes and indicate that non-Markovian effects significantly
alter the properties of contagion and spreading processes. The future inclusion of heterogeneous con-
tact networks and more elaborate modeling details will provide additional insight on the relevance
of microscopic mechanisms and topological properties regarding dynamical processes in complex
networks.

I. INTRODUCTION

Epidemic modeling has proven to be a powerful tool
for the study of contagion phenomena in biological, so-
cial, and technological systems [1]. Extensions of the
benchmark susceptible-infected-susceptible (SIS) and
susceptible-infected-recovered (SIR) models have pro-
vided valuable insights into the nature of spreading
mechanisms, the dynamics of outbreaks, and the viabil-
ity of containment protocols [1–6]. Significant progress
has been achieved by incorporating the intricacies of
the underlying connectivity patterns, unveiling a cru-
cial interplay between microscopic descriptions and con-
tact topologies (see [7] and references therein). Com-
bined with the detailed characterization of real-life net-
works and mobility patterns [8–12], these advances have
yielded evermore accurate results, prompting many re-
searchers to advocate the use of epidemic models as real-
time predictive tools [4, 13–17].

In contact-based models, infectious agents transmit
the pathogen (disease, rumor, innovation, etc.) to
their healthy acquaintances. The canonical modeling
scheme [1, 7] describes each infectious/healthy pair of
agents as a memoryless, isolated, independent trans-
mission event. Additionally, if the model incorporates
recoveries, these are assumed memoryless and spon-
taneous. Mathematically, the assumption of memo-
ryless processes translates into the use of exponen-
tially distributed interevent times. Then, the instanta-
neous hazard rates are piecewise constant and the sys-
tem’s evolution is Markovian, independent of its his-
tory [18]. Although this approximation is most often
justified by the reduced tractability of nonexponential
distributions [19, 20], its inappropriateness is widely
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supported by empirical evidence. Clear examples in-
clude the peaked distributions of infectious, incuba-
tion, and latent periods of numerous diseases [21–28] or
the bursty human activity patterns in social networks,
well described by heavy-tailed interevent time distribu-
tions [10, 29–33].

On the other hand, assuming independent, isolated
transmissions leads to equivalent infection channels that
are not influenced by their local environment. With this
simple contagion mechanism, the hazard rate associated
to the infection process of a healthy agent is propor-
tional to its number of current infectors. Consequently,
the exposure to a single infectious source may suffice in
order to become infected. However, there is evidence
for the existence of more complex, nonlocal, synergis-
tic mechanisms, e.g., in fungal and bacterial pathogen
colonization [34–37], tumor growth [38, 39], animal in-
vasion [40, 41], and social contagion [42–44].

In recent years, an important amount of research has
focused on tackling these modeling limitations. Re-
garding memory, a wide array of non-exponential dis-
tributions have been incorporated into time continuous
models [45–49], while most discrete time approaches
have used explicit time-varying transmission probabil-
ities [50–54]. Conversely, a plethora of complex con-
tagion schemes have been proposed to mediate the as-
sumption of independent transmissions. Examples in-
clude correlated, nonlinear transmission channels [55–
57], enhancement/suppression of infectiveness by an in-
fectious/healthy pair’s neighborhood [58–61], and de-
terministic threshold models [62–64]. While their re-
sults show an assortment of novel phenomena, the vast
majority of these studies treat only one of the model-
ing assumptions, maintaining the canonical approach of
the other. So far, very little work has been dedicated
to tackling both assumptions simultaneously, which un-
doubtedly remains as a worthy avenue of exploration.

Here, we develop a microscopic description of the in-
fection mechanism that is equipped with memory of past
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exposures and incorporates the synergistic effect of mul-
tiple infectious sources. As a result, the concepts of non-
Markovian dynamics and complex contagion are intrin-
sically coupled. We characterize the stationary proper-
ties of this mechanism by means of extensive stochastic
simulations of the SIS model in random degree-regular
networks. Our analysis reveals a sophisticated interplay
between two memory modes, manifested in a variety of
phenomena such as loss of universality, collective mem-
ory loss, bistable regions, hysteresis loops, and excitable
phases. The appearance of this wide array of features,
already in unstructured substrates, evidences a crucial
role of synergy and non-Markovianity in the spread of
epidemic outbreaks.

II. SYCUSIS MODEL

A. General framework

The synergistic cumulative susceptible-infected-
susceptible (SYCUSIS) model describes a population
of agents that can be either in the susceptible (healthy)
or infected (infectious) state. This population is em-
bedded on an undirected, unweighted network. A node
is assigned to each agent and an edge is drawn between
every pair of agents that are in direct contact, with
interactions limited to nearest neighbors. The contact
network is nonspatial, it carries no information about
the agents’ physical position, and static, it remains
fixed over time.

Infected nodes have a constant infectivity rate, υ, and
continuously spread doses of contagion towards their
entire neighborhood. They target each of their neigh-
bors equally, transmitting pathogen along each edge at
constant rate υ. Susceptible nodes collect these toxins
from all their neighbors, amassing a total viral load κ,
and transition to the infected state with probability
ψ∗inf(κ)dκ, where ψ∗inf is the infection probability den-
sity. Infected nodes are unaffected by the toxins (their
viral load is completely erased and does not increase)
and recover spontaneously after being infected during a
random time t, with probability density ψrec(t), becom-
ing once again susceptible.

As in the standard SIS model, susceptible nodes
whose nearest neighborhood is completely healthy can-
not become infected. Since no active processes are as-
sociated to their state, they are irrelevant for the imme-
diate evolution of the system. However, these inactive
nodes play a crucial role in the long-term dynamics of
the SYCUSIS model, therefore we assign them to an ad-
ditional compartment, which we call dormant. A dor-
mant node transitions to susceptible as soon as one of its
neighbors becomes infected. Conversely, when the last
infected neighbor of a susceptible node recovers, the lat-
ter transitions to the dormant state. At this point, the
viral load it had previously amassed starts to deterio-

rate, with relaxation time ζ. This last feature models
the restoring of an individual’s immune system or the
gradual loss of interest of an opinion, idea or trend (see
Appendix A for a schematic overview).

A similar construction to ours was already introduced
in [65] and applied to a generalized model developed
in [50, 51]. However, our model presents two major
differences. First, we use continuous time instead of
discrete temporal steps, and second, infection thresholds
are stochastic and annealed rather than deterministic
and quenched [66]. Hypothetically, quenched thresholds
would interfere with the model’s intrinsic properties [7],
an effect we wish to minimize.

Overall, the system’s evolution is determined by a set
of discrete stochastic processes, an infection for each
susceptible node and a recovery for each infected node.
All these processes are statistically independent, which
enables the use of the generalized non-Markovian Gille-
spie algorithm [57], capable of simulating memoryful dy-
namics in continuous time. A key ingredient of this
algorithm is the instantaneous hazard rate of an ac-
tive process, ω(t), obtained from its interevent time dis-
tribution, ψ(t), and corresponding survival probability,
Ψ(t) =

∫∞
t
ψ(t′)dt′, as ω(t) = ψ(t)/Ψ(t). In short, ω(t)

measures the probability per unit of time that the cor-
responding event takes place between t and t+dt, where
t is the time since the process was initiated [18]. For a
Poisson point process, the interevent time distribution
is exponential and the hazard rate is, therefore, con-
stant. In general, interevent time distributions decay-
ing slower (respectively, faster) than exponential lead
to asymptotically decreasing (increasing) hazard rates
as time evolves.

While recoveries are readily incorporated into this
framework, ωrec(t) = ψrec(t)/Ψrec(t), infections require
some additional attention. The interevent time distri-
bution of an infection process, ψinf(t), is given by the
normalization condition

ψinf(t)dt = ψ∗inf(κ)dκ . (1)

Since the activity in a susceptible node’s neighborhood
may vary over time, the rate at which it amasses viral
load is generally nonconstant. Consider at time t a sus-
ceptible node that has amassed κ(t) units of viral load
and has a set of infected neighbors N I(t). If the system
remains unaltered in an interval dt, this node will amass
an additional dκ = υ̃(t)dt, with υ̃(t) =

∑
i∈N I(t) υi its

instantaneous amassment rate. Substituting in (1) we
find ψinf(t) = υ̃(t)ψ∗inf (κ(t)). For the survival probabil-
ity we have Ψinf(t) = Ψ∗inf(κ(t)) which yields the instan-
taneous hazard rate for infections

ωinf(t) = υ̃(t)
ψ∗inf(κ(t))

Ψ∗inf(κ(t))
. (2)

See Appendix B for more details.
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B. Parameter selection

In general, the infectivity rate, υ, the relaxation
time, ζ, the infection probability density, ψ∗inf, and the
recovery interevent time distribution, ψrec, may vary
from node to node. For example, one could model dis-
tinct age groups by segregating the population and as-
signing different values of the parameters to each sub-
population. Notwithstanding, in order to eliminate the
effects of node heterogeneities, in the present work we
use the same υ, ζ, ψ∗inf and ψrec for all nodes. For this
same reason, we limit our analysis to random degree-
regular networks, particularly with degree k = 4.

When all infectors have the same infectivity rate υ,
the instantaneous amassment rate of a susceptible node
becomes υ̃(t) = υkI(t), with kI(t) = dim

(
N I(t)

)
the

number of its neighbors that are infected at time t. Ad-
ditionally, we can define the effective spreading ratio,
λ = υ〈τrec〉/〈κinf〉, as the average time required to re-
cover over the average viral load needed to become in-
fected, nondimensionalized by the infectivity rate.

For infections we select the versatile Weibull distribu-
tion, with shape parameter α and scale parameter µ,

ψ∗inf(κ) = αµακα−1e−(µκ)α . (3)

For α > 1 it presents a peak, resembling a bell curve,
α = 1 corresponds to a Poisson distribution, and for
α < 1 it has power-law-like fat tails. Then, the instan-
taneous hazard rate is

ωinf(t) = υαµαkI(t)[κ(t)]α−1 , (4)

which increases (respectively, decreases) monotonically
with κ(t) for α > 1 (α < 1). As for recoveries, to iso-
late the effects of the modified infection mechanism, we
treat them as Poisson processes with rate η, and so with
hazard rate ωrec(t) = η. With these distributions, the

effective spreading ratio becomes λ = υαµ
[
ηΓ(α−1)

]−1
,

with Γ the gamma function, which we use to find an ex-
pression for the scale parameter, µ = ηλ(αυ)−1Γ(α−1).
Notice that α = 1 recovers the expressions of the stan-
dard SIS (with infectious rate υµ per infected neigh-
bor) while all other values of the shape parameter
yield non-Markovian dynamics and a complex conta-
gion scheme [67]. Hereafter we use temporal units such
that η = 1 and, without loss of generality, set υ = 1.

As for the relaxation time of dormant nodes’ viral
load, we consider the limit cases ζ = 0 and ζ = ∞.
The former, ζ = 0, implies an instantaneous decay, that
is, when a susceptible node becomes dormant, its accu-
mulated viral load instantly resets to zero. As in the
standard SIS model, if the outbreak reenters the node’s
neighborhood it will become susceptible starting afresh,
with zero accumulated viral load, as if the outbreak had
never passed through its vicinity at a previous time.
Hence, the only memory effect present is during the in-
fection period, when the node is actively exposed to
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D

FIG. 1. Small network considered for illustrative purposes.
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FIG. 2. Top panel: Evolution of node A’s viral load. In
the interval t ∈ [t3, t4] node A is dormant and its viral load
decays instantly (yellow), at a finite nonvanishing rate (pur-
ple), or accumulates perpetually (red). Bottom panels:
Node A’s corresponding instantaneous infection rates, for
α < 1 (second panel), α = 1 (third panel) and α > 1 (fourth
panel). In the interval t ∈ [t3, t4] node A’s neighborhood is
fully healthy and it cannot become infected (ωA = 0).

the pathogen. We interpret this as a short-term mem-
ory mode. On the other hand, ζ = ∞ corresponds to
perpetual accumulation. The viral load does not decay
at all and dormant nodes remember the passing of the
outbreak through their neighborhood at previous times.
This constitutes an additional long-term memory mode.

For illustrative purposes, consider the system depicted
in Fig. 1, where all nodes are initially healthy except for
D. Suppose that node C becomes infected at time t0
and subsequently infects B at t1. During the interval
t ∈ [t0, t1], node A’s viral load, κA, grows with rate υ,
but from t1 onwards it will increase twice as rapidly
(with rate 2υ). At t2, node C recovers and κA reduces
its accumulation rate back to υ, and when B recovers
at t3, κA starts to decay with relaxation time ζ. Finally,
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C becomes infected once again at t4 (D has not yet re-
covered) and κA resumes its growth at rate υ. The top
panel in Fig. 2 shows the evolution of κA, for three val-
ues of ζ [68]. The bottom three panels show node A’s
corresponding instantaneous infection rates, ωA, evalu-
ated using Eq. (4) for different values of α.

III. SHORT-TERM MEMORY

We begin our analysis for ζ = 0, with dormant nodes
instantly erasing their memory. We explore the posi-
tion of the critical point, λc, that separates a healthy,
absorbing phase (λ < λc) from an endemic, active one
(λ > λc). The simulations start well above the critical
point with a fully infected population, and quasistati-
cally decrease the control parameter, λ, until the sys-
tem reaches the absorbing state. We sample the late-
time prevalence, ρst = limt→∞NI(t)/N , of 104 states,
time-averaged over various trajectories. Fig. 3 shows
the results for various values of α, the shape factor of
the infection probability density. Compared to the stan-
dard, Markovian SIS model (α = 1), λc is significantly
shifted towards lower values (respectively, higher values)
for α < 1 (α > 1). Moreover, for broad-tailed infec-
tion distributions (α < 1) the approach to the critical
point is rather smooth and very similar to the standard
SIS, while for peaked infection distributions (α > 1)
the curves descend in a much steeper fashion and ter-
minate quite abruptly, at a remarkably high prevalence.
This could be the result of a very large fluctuation that
brought the system to the absorbing state or, alterna-
tively, an indication of a first-order phase transition.
However, the apparent discontinuity becomes smaller as
the population size increases, which supports the former
hypothesis. Overall, these results show that the sys-
tem’s stationary properties are drastically affected by
the short-term memory mode of the SYCUSIS infection
mechanism.

Next, we complement our initial findings by consid-
ering the reverse phenomenon. Instead of studying how
the system transitions from the active to the absorbing
phase, we analyze the escape from the absorbing state,
introducing a single infected agent in a previously unaf-
fected population. This patient zero scenario models re-
alistic situations such as the arrival of an exotic disease,
the introduction of an invasive species or the emergence
of a new opinion, idea or trend.

We employ the lifespan method introduced in [69]
and fully developed in [70], which simulates outbreaks
starting from a single infected node. These outbreaks
either return to the absorbing state (finite outbreaks)
or evolve towards an active steady state (endemic out-
breaks). Each single-seed realization is characterized by
its lifetime, Θ, and coverage, K, defined as the num-
ber of distinct nodes that have become infected at least
once. In the thermodynamic limit, endemic realizations
have an infinite lifetime, a coverage equal to the system
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FIG. 3. Late-time prevalence of the active steady state with
ζ = 0 for networks of size N = 103 (solid) and N = 104

(dashed). Uncertainty bars not appreciable at this scale.
Curves correspond to different shape factors of the infection
probability distribution. Left to right: α = 3/5 (orange),
α = 4/5 (blue), α = 1 (grey), α = 2 (red), and α = 4
(purple).

size, and are only possible in the active phase. On the
other hand, finite realizations have a finite lifetime and
coverage, and can be found in both phases; neverthe-
less, their abundance decreases above the critical point.
Thus, the probability that an outbreak is endemic, P∞,
vanishes in the absorbing phase and is nonzero in the
active phase, playing the role of an order parameter.
Finally, the lifetime moments 〈Θn〉 diverge when ap-
proaching the critical point from above and below, and
act as response functions.

In finite systems, any realization is bound to reach the
absorbing state, even though this might occur over as-
tronomically long times. Therefore, the distinction be-
tween finite and endemic outbreaks is not clear. To over-
come this hinderance, we introduce a coverage thresh-
old, Kth = cthN , with 0 < cth < 1. A realization
is declared endemic whenever its coverage reaches the
threshold, those that terminate without surpassing it
are considered finite.

For a fixed value of λ, we run 104 realizations, each
starting with a single, randomly chosen infected node,
and a system cleared of all viral load. For a finite
network of size N , we measure the average coverage
fraction, c̄ = 〈K〉/N , and the probability that a re-
alization surpasses the coverage threshold, P1, which
serves as a proxy for the true endemic probability, P∞.
Hereafter, we use cth = 0.75 and limit our analysis to
α ∈ {4/5, 1, 2, 4}. The results are plotted in Fig. 4,
which includes the late-time prevalence, ρst, for com-
parison. Independently of the infection distribution, the
average coverage and the endemic probability are virtu-
ally identical showing a continuous phase transition at
roughly the same critical point as the late-time preva-
lence. While c̄ and P1 coincide with ρst in the standard
SIS, for α < 1 (respectively, α > 1) the former grow no-
tably faster (slower) than the latter. This dissimilar be-
havior provides further evidence that the system’s uni-
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FIG. 4. Late-time prevalence (grey curve), average coverage
(orange circles), and endemic probability (blue diamonds)
with ζ = 0 in a network of N = 104 nodes. Uncertainty
bars not appreciable at this scale. Top left: α = 4/5. Top
right: α = 1. Bottom left: α = 2. Bottom right: α = 4.

α λc ν⊥ β γ2

4/5 0.24319(8) 2.54(9) 1.13(7) 1.39(5)

1 0.34533(6) 2.20(10) 1.09(8) 1.21(6)

2 0.57845(5) 1.7(2) 0.69(11) 0.92(12)

4 0.6690(2) 1.85(15) 0.83(9) 1.02(9)

TABLE I. Lifespan critical points and exponents for ζ = 0,
with 95% confidence intervals. The results for α = 1 are
compatible with the reference values found in the literature
for the standard, Markovian SIS model [71, 72].

versal qualities are significantly modified by the short-
term memory mode. The fact that the average coverage
and endemic probability collapse is easily understood by
decomposing the former as c̄ = cendP∞ + cfin(1 − P∞),
where cend (respectively, cfin) is the average coverage
of endemic (finite) realizations. Since in the thermody-
namic limit cend = 1 and cfin = 0, we find c̄ = P∞.
Moreover, inasmuch as these three order parameters
characterize the same two phases, their critical points
are expected to coincide. Even so, there is no intrin-
sic requirement for a complete overlap, as surprisingly
happens for α = 1.

A full finite-size scaling theory is available for the lifes-
pan method, which allows one to quantify the differences
observed in the critical region. In particular, we measure
the exponents ν⊥, β and γ2, corresponding, respectively,
to the correlation length, endemic probability and sec-
ond lifetime moment (see Appendix C for details). As
read in Table I, the final results for the critical points
are compatible with the observations from the preva-
lence curve. An exception occurs for α = 4, for which
the late-time prevalence curve appears to extend slightly
into the healthy phase. Notwithstanding, the finite-size
scaling analysis is compatible with a continuous phase
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FIG. 5. Late-time prevalence of the active steady state with
ζ = ∞, for networks of size N = 103 (solid) and N = 104

(dashed). Uncertainty bars not appreciable at this scale.
Curves correspond to different shape factors of the infection
probability distribution. Right to left: α = 3/5 (orange),
α = 4/5 (blue), α = 1 (grey), α = 2 (red), and α = 4
(purple).

transition and this discrepancy is expected to disappear
in the thermodynamic limit. Regarding the critical ex-
ponents, as pointed out during the analysis of the late-
time prevalence, their values for α < 1 are compatible
with the mean-field universality class, as the exponents’
confidence intervals overlap with those found for α = 1.
In the case of α > 1, the exponent β is clearly smaller
than the mean-field one, suggesting a breakdown of the
mean-field universality class. Yet, our numerical results
do not allow us to discern whether α > 1 defines a
unique universality class or, instead, the critical expo-
nents depend on the particular value of α and, therefore,
on the microscopic details of the dynamics.

Overall, these qualitative and quantitative results re-
veal that, in the range α > 1, the short-term memory
mode of the SYCUSIS infection mechanism produces a
loss of mean-field universality inherent to the standard
SIS model in random degree-regular networks. Specifi-
cally, this change of universal behavior is induced by the
shape of the infection probability. Since its mean is fac-
tored out through the definition of the spreading ratio,
the differences are related to the distribution’s higher
moments. Therefore, the agents’ individual microscopic
features are the ones causing substantial alterations to
the system’s macroscopic properties

IV. LONG-TERM MEMORY

Next, we consider the case ζ = ∞, where a dormant
node’s viral load remains frozen until the outbreak re-
visits its neighborhood. Besides the short-term memory
present during the infection period, nodes now possess
an additional long-term memory mode that is capable
of connecting very distant temporal points, causing the
system to evolve in a highly nonlinear manner. Again
we start by exploring the position of the critical point,
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FIG. 6. Late-time prevalence (grey curve), average coverage
(orange circles), and endemic probability (blue diamonds)
for ζ = ∞ in a network of N = 104 nodes. Grey arrows
indicate λc for ζ = 0. Uncertainty bars not appreciable at
this scale. Left: α = 2. Right: α = 4.

measuring the late-time prevalence of simulations that
start from a fully infected population (see previous sec-
tion for details). In Fig. 5, we observe that the late-time
prevalence curves coincide for all values of α. How-
ever, a blow-up in the critical region (inset of Fig. 5)
reveals that this collapse is not quite complete. While
the approach to the critical point is seemingly identical,
the value of λc varies slightly. Compared to the short-
term memory mode (Fig. 3), for α > 1 (respectively,
α < 1) the endemic phase is enlarged (shrunken) by the
long-term mode. This phenomenon is easily understood
recalling that the infection rate increases (decreases)
monotonically with κ. When the outbreak revisits a
dormant node’s neighborhood, its previously accumu-
lated viral load facilitates (hinders) reinfection, enabling
(preventing) the outbreak to remain active in a wider
range of λ. Although this argument is valid to justify
the displacement of the critical points (w.r.t. ζ = 0), it
is unable to explain the almost complete collapse of the
prevalence curves for all values of α.

These initial results suggest that the additional long-
term memory mode greatly suppresses the effects of the
short-term mode. Specifically, it causes individuals with
virtually infinite memory to behave, on the aggregate,
as if they had no memory at all. This collective mem-
ory loss consequently renders the system’s macroscopic
state unable to distinguish between agents’ microscopic
properties.

In order to elucidate this rather counterintuitive phe-
nomenon, we proceed with the analysis of the corre-
sponding patient zero scenarios [73]. The results for
peaked infection distributions (α > 1) are shown in
Fig. 6 (see previous section for simulation details). Once
again we find that the average coverage, c̄, and the en-
demic probability, P1, coincide for all values of λ and
present a continuous phase transition. However, their
critical point, λc(c̄), is notably larger than the late-time
prevalence’s, λc(ρst). This indicates the existence of an
intermediate region where all single-seed outbreaks re-
turn to the absorbing state while fully infected popula-
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FIG. 7. Late-time prevalence of endemic outbreaks that
start with a fully infected population (solid curve) or from
a single, randomly selected infected agent (circles) for ζ = 0
(orange) and ζ = ∞ (blue) in a network of N = 104 nodes.
Uncertainty bars not appreciable at this scale. Left: α = 2.
Right: α = 4.

tions relax towards an active steady state.

The key ingredient to explain these observations is
the environment of frozen viral load. When agents only
possess a short-term memory mode this environment is
inexistent, and outbreaks must produce sufficient direct
infections in order to become endemic. Contrarily, if
agents are equipped with an additional long-term mem-
ory mode, this environment of frozen viral load facili-
tates infection when the outbreak revisits a previously
affected neighborhood. Thus, less infective outbreaks
are able to become endemic by repeatedly exploring the
same areas of the system, as captured by the lower crit-
ical point λc(c̄) with ζ = ∞ in comparison to λc with
ζ = 0. On the other hand, a similar argument can
be used for the region λ ∈ [λc(ρst), λc(c̄)]. During the
simulations that measure the late-time prevalence, the
environment of frozen viral load is well thermalized, en-
abling the outbreak to remain in an active state. Con-
versely, this environment is deficient in single-seed out-
breaks, as the system has not yet reached its steady
state. Hence, outbreaks are unable to produce new in-
fections and rapidly become trapped in the absorbing
state.

To further characterize this phenomenon we mea-
sure the late-time prevalence of single-seed outbreaks
that are able to become endemic, which we denote
by ρ∗st. Fig. 7 shows the late-time prevalence when the
steady state is approached from fully infected popula-
tions, ρst, and from patient zero scenarios that become
endemic, ρ∗st. For comparative purposes, we addition-
ally include the results for ζ = 0. Both prevalences co-
incide for agents that only possess short-term memory
(ζ = 0), and undergo a continuous phase transition at
the same critical point. A discrepancy arises for α = 4
which, as noted in the previous section, is most certainly
related to finite-size effects and is expected to vanish
in the thermodynamic limit [74]. On the contrary, if
agents are endowed with an additional long-term mem-
ory (ζ =∞), ρst presents a continuous phase transition
at λc(ρst) while ρ∗st exhibits a discontinuous phase tran-
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sition at a much higher value λc(ρ∗st). As expected, after
the abrupt jump the two curves overlap.

These results confirm that the system displays two
attractors in this intermediate region. Thus, for ζ =∞
and α > 1 the system’s phase diagram exhibits an addi-
tional bistable phase, that separates the usual healthy
and endemic phases. The associated hysteresis loop,
however, has a rather exotic nature. Although its lower
branch presents the expected discontinuity, the upper
branch connects the two attractors in a continuous man-
ner.

Finally, in Fig. 8 we show the patient zero analysis for
broad-tailed infection distributions (α < 1) and the
standard SIS (α = 1). Here, we additionally com-
pute P3, the probability that a single-seed outbreak
reaches the coverage threshold three times [75]. With
α = 1, P1 and P3 are practically identical, indicating
that an outbreak that surpasses the coverage threshold
once remains active long enough to surpass the thresh-
old two more times. Thus P1 is an adequate proxy for
the true endemic probability, P∞. The system may be-
come trapped in the absorbing state due to finite size
fluctuations, causing a reduction of P3 w.r.t. P1. How-
ever, this phenomenon is only present in a very narrow
region near the critical point.

For α < 1 the situation is quite different. For starters,
the average coverage starts growing when all other order
parameters are still identically zero. The transition is
continuous and its transition point, λc(c̄), is remarkably
close to the critical point of ζ = 0. Additionally, the in-
flection point of P1 is significantly lower than that of P3.
Thus there is a wide interval where all outbreaks that
surpass the threshold once eventually terminate in the
absorbing state, evidencing the inadequateness of P1 as
a measure of the true endemic probability. The inflec-
tion point of P3 is much closer to the transition point
of ρst, which suggests that the critical point of the en-
demic probability (P∞, the probability to surpass the
threshold an infinite amount of times) coincides with
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FIG. 9. Evolution of single-seed outbreaks that reach the
coverage threshold once with ζ = 0 (orange) and ζ = ∞
(blue) in a network of N = 104 nodes, averaged over 100
trajectories. Uncertainty bars not appreciable at this scale.
Left: λ = 0.33. Right: λ = 0.4

the critical point of the late-time prevalence in the en-
demic state, λc(ρst). Beyond this point, P∞ is expected
to coincide with c̄, indicating that the endemic proba-
bility presents a discontinuous phase transition.

In this case, we find an intermediate region
λ ∈ [λc(c̄), λc(ρst)] where outbreaks are unable to be-
come endemic (P∞ = 0) but affect a macroscopic frac-
tion of the population (c > 0). In order to further
analyze this additional regime, we compute the tem-
poral evolution of realizations that surpass the coverage
threshold once. Fig. 9 shows averaged trajectories of the
prevalence, ρ(t) = NI(t)/N , for λ = 0.33 and λ = 0.4.
Again, for comparative purposes, we plot the results for
ζ = 0 and ζ = ∞. Both values of λ are located in the
active phase of the short-term memory mode (ζ = 0),
and so the endemic realizations converge monotonically
towards their active steady-states. For the long-term
memory mode (ζ =∞), λ = 0.33 is located in the inter-
mediate region. In the later case, we observe that out-
breaks grow significantly up to a maximum, after which
their prevalence gradually diminishes until they reach
the absorbing state. This behavior is typically observed
in SIR-like dynamics and is reminiscent of excitable me-
dia. In the endemic phase (λ = 0.4) the outbreaks con-
tinue presenting a peak, but afterwards relax towards
an active steady state. This initial peak is expected to
gradually disappear as λ increases.

In conclusion, for ζ =∞ and α < 1 the usual healthy
and endemic phases are separated by an additional ex-
citable phase. This excitable behavior is again a con-
sequence of the environment of frozen viral load. Inde-
pendently of ζ, an outbreak starts from a single infected
node in a population cleared of viral load. Then it ini-
tially evolves as if the agents only had the short-term
memory mode (clearly appreciable in Fig. 9), rapidly
achieving a large coverage. When the outbreak revisits
a previously affected area, the long-term memory mode
is activated and the frozen viral load impedes new in-
fections. Thus, dormant nodes are effectively removed
from the dynamic, impede the outbreak to grow, and
eventually cause its extinction.
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All these results show a crucial feature of agents that
possess the late-time memory mode. Focusing only on
the late-time prevalence of fully infected populations
provides little insight about the system’s constituents.
Nevertheless, widely distinct and clearly distinctive be-
haviors appear with the analysis of patient zero scenar-
ios. Furthermore, a common effect of agents’ memory is
the breaking of the symmetry between the order param-
eters c̄, P and ρst. If agents are memoryless, all three
order parameters are completely identical. This symme-
try is partially broken when agents possess a short-term
memory mode. The three parameters still exhibit a con-
tinuous phase transition at the same critical point, but
no longer coincide in the endemic phase. If agents are
equipped with an additional long-term memory mode,
the symmetry is further lost. The critical points become
dissociated and the system undergoes a second phase
transition. Yet again, we find evidence that the sys-
tem’s macroscopic properties are substantially altered
by the agents’ microscopic features. It is worth men-
tioning that the appearance of the bistable (α > 1) and
excitable (α < 1) phases takes place also for other val-
ues of ζ < ∞, although, in this case, these anomalous
regions span for a shorter domain of λ [76].

V. CONCLUSIONS

We have developed an epidemic model that includes
a synergistic and cumulative infection mechanism. This
microscopic description is equipped with memory of
past exposures and incorporates the joint effect of mul-
tiple infectious sources. We have analyzed the station-
ary properties of this mechanism by means of exten-
sive stochastic simulations of the susceptible-infected-
susceptible model in random degree-regular networks.
Our results uncover a fierce competition between a
short-term memory mode and a long-term memory
mode. The former causes a loss of mean-field univer-
sality, induced by the variability of the agents’ response
to the pathogen. On the other hand, the latter yields
a plethora of phenomena, depending on both the popu-
lation’s global state and agents’ individual properties.
When the system is well thermalized, the long-term
mode suppresses the effects of the short-term mode and
agents experience a collective memory-loss. Conversely,
in quasi-healthy systems the long-term memory mode
provokes the appearance of an additional phase. Out-
breaks in these intermediate regimes are either explosive
or excitable, which rather abruptly cause great harm
to the population. All in all, this wide variety of fea-
tures evidences a crucial role of non-Markovianity in the
spread of epidemic outbreaks.

Despite the restrictiveness of our analysis, a few ques-
tions remain unanswered. For instance, the methods
employed so far are unable to provide a satisfactory in-
terpretation of the collective memory-loss nor justify the
symmetry between order parameters in the standard SIS

model. Moreover, a detailed description of the bistable
phase is most certainly called for, as well as a com-
prehensive description of the excitability phenomenon.
The analysis of transient properties and dynamic cor-
relations will shed valuable insight on these unsolved
issues. Additionally, the study of finite, nonvanishing
relaxation times of the viral load of dormant nodes can
aid in further elucidating the interplay between short-
term and long-term memory modes.

Insofar, as we have limited our study to homogeneous
populations, the synergistic effects of the SYCUSIS in-
fection mechanism have not been manifested explicitly.
Considering heterogeneous agents would not only ex-
pose the interaction between memory and synergy, but
also assist in resolving the above mentioned lines of en-
quiry. Furthermore, the inclusion of nontrivial contact
networks could supply renewed insight on the relevance
of microscopic mechanisms and topological properties in
contagion processes. Finally, the incorporation of em-
pirically observed nonexponential recoveries would yield
evermore realistic models. All with the hopes of im-
proving our understanding of epidemic spreading and
increasing our ability to shield the world from catastro-
phe.
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Appendix A: SYCUSIS states and processes

Infected (I) agents spread pathogen to all their neigh-
bors and recover spontaneously. While susceptible (S)
agents have at least one infected neighbor and continu-
ously accumulate viral load, dormant (D) agents have a
fully healthy neighborhood and cannot become infected.
There are two types of active processes which entail one
or possibly more transitions (summarized in Fig. 10).

• Infection of susceptible agent j. Agent j transi-
tions from susceptible to infected. Additionally,
all of j’s neighbors that were dormant transition
to susceptible (and resume their accumulation of
viral load).

• Recovery of infected agent j. If all of j’s neighbors
are healthy, j transitions from infected to dor-
mant. If at least one of j’s neighbors is infected,
j transitions from infected to susceptible. Addi-
tionally, all of j’s neighbors that were susceptible
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FIG. 10. Schematic overview of transitions in the SYCUSIS
model.

and had only one infected neighbor (i.e., agent j)
transition to dormant (and their viral load starts
to decay).

Note that infected agents are unaffected by the viral
load. They erase whatever was previously amassed and
ignore any new doses received from their infected neigh-
bors. When an infected agent recovers (becoming either
susceptible or dormant) their viral load starts afresh
from zero.

Appendix B: Non-Markovian Gillespie algorithm

Consider a set of M statistically independent, dis-
crete, stochastic processes, each with an interevent
time distribution ψj(τ) and corresponding survival
time Ψj(τ) =

∫∞
τ
ψj(τ

′)dτ ′. At a certain moment
in time t0, process j has been active for tj units of
time. Let φ(τ, i|{tk})dτ denote the joint probability
that the next-occurring event takes place in the inter-
val t ∈ [t0 + τ, t0 + τ + dτ ] and corresponds to process
i, conditioned by the set of elapsed times {tk}. This
probability density can be expressed as

φ(τ, i|{tk}) =
ψi(ti + τ)

Ψi(ti + τ)
Φ(τ |{tk}) , (B1)

where

Φ(τ |{tk}) =

M∏
j=1

Ψj(tj + τ)

Ψj(tj)
(B2)

is the survival probability of τ , i.e. the conditional prob-
ability that no event takes place before t0 +τ . Then the
probability that the next event takes place in the inter-
val t ∈ [t0, t0 + τ ] is

Ξ(τ |{tk}) = 1− Φ(τ |{tk}) . (B3)

Once the interval τ is known, the probability that the
next-occurring event corresponds to process i is given
by

Π(i|τ, {tk}) =
ωi(ti + τ)∑M
j=1 ωj(tj + τ)

, (B4)

with ωj(t) = ψj(t)/Ψj(t) the instantaneous hazard rate
of process j. Equations (B3) and (B4) provide an al-
gorithm that generates statistically correct sequences of
events: i) draw the interval by solving Ξ(τ |{tk}) = u,
with u ∈ U(0, 1), ii) increase the system time as
t← t+ τ , iii) draw the process from the discrete distri-
bution Π(i|τ, {tk}), iv) revise the list of active processes,
and v) update the set of elapsed times as tj ← tj + τ
(setting tj = 0 for newly activated processes).

Recoveries are straightforwardly incorporated into
this framework, with the elapsed time ti measuring
the period since agent i became infected (i.e., this oc-
curred at t = t0 − ti). On the other hand, infection
processes require the translation of infection probabil-
ity densities into interevent time distributions. Con-
sider susceptible agent j, characterized by its infec-
tion probability density ψ∗j (κ) and corresponding sur-

vival probability Ψ∗j (κ) =
∫∞
κ
ψ∗j (κ′)dκ′. In section

II we already found its interevent time distribution,
ψj(t) = υ̃j(t)ψ

∗
j (κj(t)), temporal survival probability,

Ψj(t) = Ψ∗j (κj(t)), and instantaneous hazard rate,
ωj(t) = υ̃j(t)ψ

∗
j (κj(t))/Ψ

∗
j (κj(t)). Recall agent j’s in-

stantaneous amassment rate υ̃j(t) =
∑
i∈N I

j (t) υi, with

N I
j (t) the set of agent j’s neighbors that are infected

at time t. Note that we can always write t = t0 + τ ,
with t0 the time at which the system was last updated
and τ ≥ 0. Then the instantaneous amassment rate
remains constant in the interval [t0, t], υ̃j(t) = υ̃j(t0),
and κj(t) = κj(t0) + τ υ̃j(t0). These modified expres-
sions enable the inclusion of infection processes into the
non-Markovian Gillespie algorithm, which allows to cor-
rectly simulate the evolution of the SYCUSIS model.

Appendix C: Lifespan finite-size scaling

Single-seed outbreaks are either endemic, evolving to-
wards and active steady state, or finite, returning to the
absorbing state. The probability that an outbreak is en-
demic, P∞, vanishes well below the critical point, grows
monotonically with λ, and saturates at limλ→∞ P∞ = 1,
playing the role of order parameter. For small values
of λ, all outbreaks are finite and have a very short dura-
tion. As λ grows, the average duration of finite realiza-
tions increases, diverging at the critical point. Above λc,
the realizations that remain finite have necessarily a
short lifetime. Thus the lifetime moments 〈Θn〉 diverge
when the critical point is approached both from above
and below, and act as response functions. In bounded
systems of size N , 〈Θn〉 exhibit a peak at a value λp(N)
which converges to λc in the limit N →∞. A full finite-
size scaling theory is derived in [70], yielding

λp(N) = λc +AN−1/ν⊥ (C1)

Pp(N) = BN−β/ν⊥ (C2)

〈Θn〉p(N) = CnN
γn/ν⊥ . (C3)
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We sample 105 finite realizations for each value
of the control parameter, using networks of sizes
N ∈ {103, 2× 103, 5× 103, 104, ..., 105}. We sweep λ
over an appropriately chosen range for each network
size, reducing the step ∆λ near the critical point. The
lifespan curves for α = 1 are shown in the left panels of
Fig. 11. As can be seen from the inflection point of the
endemic probability and the peak of the lifetime mo-
ments, the critical point is approached from the right as
the system size increases. Notably, the average lifetime
scales very slowly, indicating a logarithmic divergence.
The curves for α = 4/5 show the same qualitative be-
havior. The only difference for α > 1 is that the critical
point is approached from the left (α = 2 shown in the
right panels of Fig. 11).

Next, we infer the data at the peaks of the lifetime
curves and fit them to their corresponding scaling forms
(C1) and (C2). Given the logarithmic divergence of the
average lifetime, instead of using (C3) we employ the
alternative scaling form 〈Θ〉p = C0 + C1 logN . The
results are tabulated and discussed in section III. Un-
doubtedly these results can be refined by improving the
statistics of the fits, for example by using larger net-
works, or analyzing additional values of α. Notwith-
standing, it is our opinion that, at this stage, the nec-
essary computational efforts are more purposefully in-
vested in exploring further phenomenology in a wider
range of parameters.
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dor, and A.-L. Barabási, Phys. Rev. E 73, 036127
(2006).

[32] E. Scalas, T. Kaizoji, M. Kirchler, J. Huber, and
A. Tedeschi, Physica A 366, 463 (2006).

[33] R. D. Malmgren, D. B. Stouffer, A. E. Motter, and
L. A. N. Amaral, Proc. Natl. Acad. Sci. U.S.A. 105,
18153 (2008).

[34] A. D. M. Rayner, Mycologia 83, 48 (1991).
[35] E. Ben-Jacob, O. Schochet, A. Tenenbaum, I. Cohen,
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F. J. Pérez-Reche, Sci. Rep. 6, 19767 (2016).
[61] Q.-H. Liu, W. Wang, M. Tang, T. Zhou, and Y.-C. Lai,

Phys. Rev. E 95, 042320 (2017).
[62] M. Granovetter, Am. J. Sociol. 83, 1420 (1978).
[63] D. J. Watts, Proc. Natl. Acad. Sci. U.S.A. 99, 5766

(2002).
[64] D. Centola, V. M. Egúıluz, and M. W. Macy, Physica

A 374, 449 (2007).
[65] T. Sellke, J. Appl. Probab. 20, 390 (1983).
[66] In the latter, a susceptible node becomes infected in-

evitably if its amassed viral load surpasses a fixed value,
whereas in the former any amount of viral load can cause
the infection, with the same probability density for all
nodes.

[67] Non-Markovian in the sense that the hazard rate is not
piecewise constant, and complex in the sense that the
total infection rate cannot be written as the sum of in-
dividual infection rates of infected neighbors.

[68] Note that the infection rate with α = 1 is independent
of the accumulated viral load, therefore it is unnecessary
to distinguish values of ζ.
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